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Abstract

de Melo Machado, Aline; Klein, Silvius (Advisor). Markovian,
quasiperiodic and mixed dynamical systems. Rio de Janeiro,
2023. 101p. Tese de Doutorado — Departamento de Matemaética,
Pontificia Universidade Catolica do Rio de Janeiro.

We study several models of base dynamics and linear cocycles over such
systems. We establish effective rates of convergence of the Birkhoff averages of
toral translations. We derive large deviations estimates for mixed Markov-
quasiperiodic dynamics. We prove continuity properties of the Lyapunov
exponents of linear cocycles over Markov shifts. Besides their intrinsic interest,
these results prepare the ground for a larger project concerned with the study
of linear cocycles over mixed Markov-quasiperiodic base dynamics. As crucial
steps in this study, we obtain a version of Kifer’'s non random filtration and

an upper large deviations estimate for such systems.

Keywords
Linear Cocycle; Lyapunov exponent; Birkhoff averages; Large deviations

estimates; Markov system.
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Resumo

de Melo Machado, Aline; Klein, Silvius. Sistemas dindmicos
markovianos, quase periddicos e mistos. Rio de Janeiro, 2023.
101p. Tese de Doutorado — Departamento de Matematica, Pontificia
Universidade Catolica do Rio de Janeiro.

Estudamos varios modelos de dindmica de base e cociclos lineares so-
bre tais sistemas. Estabelecemos taxas efetivas de convergéncia das médias de
Birkhoff de translagdes do toro. Obtemos estimativas de grandes desvios para
dindmicas mistas Markov-quase periddicas. Provamos propriedades de conti-
nuidade dos expoentes de Lyapunov de cociclos lineares sobre deslocamentos de
Markov. Além do interesse intrinseco, estes resultados preparam o terreno para
um projeto maior voltado para o estudo de cociclos lineares sobre dindmica
de base mista Markov-quase peridodica. Como passos essenciais neste estudo,
obtemos uma versao da filtragao nao aleatoria de Kifer e uma estimativa de

grandes desvios por cima para tais sistemas.

Palavras-chave
Cociclo linear; Expoente de Lyapunov; Média de Birkhoff; Estimativas

de grandes desvios; Sistema de Markov.
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1
Introduction

We study limiting properties of additive and multiplicative processes
associated to the iterates of Markov shifts, toral translations and skew products
thereof.

Let M be a compact metric space, let f: M — M be a continuous
transformation and let v be an f-invariant, ergodic probability measure on M.

Given a continuous observable ¢: M — R, let

™M (2) = p(x) + (f(2) + -+ o(f" ' (x))

bet its n-th Birkhoff sum relative to the ergodic system (M, f,v).

By the additive ergodic theorem, the Birkhoff averages %(p(") (x) converge
to the space average / pdv for v-a.e. x € M. In particular, the convergence
also holds in measure,l\ghat is, for all € > 0,

1
y{xe M:’gp(”)(w) —/ o dv
M

n

> a} 0 (1.1)

as n — Q.

When, for an appropriate class of observables, the above convergence has
a certain rate, ideally exponential, we say that our ergodic system satisfies large
deviations estimates (LDE). Such estimates are already available for various
systems with some (non uniform) hyperbolicity, see [9].

At the other end of ergodic behavior, in the case of the torus translation,
because of its unique ergodicity, the convergence in the ergodic theorem is
uniform, so for n large enough, the measure of the set in (1.1) is zero. The
question is then if, under appropriate assumptions, there is an effective uniform
rate of convergence of the Birkhoff averages for this model.

Let T = R/Z be the one dimensional torus endowed with the Lebesgue
measure m and let T: T — T, Tx = x 4+ w be the translation on T
by an irrational frequency w. Assume that w satisfies the following generic

Diophantine condition.

. Y
dist(kw,Z) >
(b2 2 o (R = 1
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for some v > 0 and for all kK € Z \ {0}.
The first result of this work is the following sharp convergence rate of

the Birkhoff sums for Holder continuous observables.

Theorem 1.0.1 Assume that the observable p is an a-Holder continuous
function on T and that the frequency w € T satisfies the Diophantine condition

above. Then for all integers N we have

) 1 1 3aN
2o [ <eons (Trog 2 ol (12)

where const is a universal constant and ||¢||. is the a-Hélder norm of .

A similar but less sharp result also holds for the higher dimensional torus
translation.

We say that w € T%(d > 1) satisfies a Diophantine condition if there
exist v > 0 and A > d such that

|k - w| = dist (k- w, Z) > W

for all k € Z¢ with |k| # 0.

Theorem 1.0.2 Let ¢ be an a-Hélder continuous function on T¢, let w € T?
be a frequency that satisfies the Diophantine condition above and let T,,: T? —

T be the corresponding torus translation. Then for all N > 1 we have

const

- L] === e

HN¢ « Nﬂ

where = 355

With the behavior of the Birkhoff sums of both predominantly hyperbolic
and deterministic (i.e. toral translations) systems well understood, it is natural
to consider mizred models, i.e., certain skew products combining hyperbolic and
deterministic systems, such as the direct product between a (strongly mixing)
Markov shift and a torus translation.

Let 3 be a compact metric space and let Prob(3) be the space of
probability measures on Y, endowed with the weak® topology. Consider a
Markov transition kernel on M, that is, a continuous map M > z — K, €
Prob(X). We assume that K is uniformly ergodic, in the sense that its powers
converge uniformly in the total variation norm. In particular K admits a unique
stationary measure p € Prob(X). We refer to (X, K, i) as a Markov system.

Let X = X7, let P be the Markov measure on X with initial distribution
i and transition kernel K and let o: X — X be the forward shift. Then
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(X, 0,P) is an ergodic system that we call a Markov shift. This generalizes the
concept of subshift of finite type. It is well known that such systems satisfy
large deviations estimates, see for instance [30] and [7].

Given o € T rationally independent, consider the product map
f(w,0) = (ow, 0 + ).

It turns out that (X x T?, f,Pxm) is an ergodic system, which we call a mixed
Markov quasiperiodic system.
We establish a large deviations estimate for such systems with observables

that depend on a finite number of coordinates.

Theorem 1.0.3 Let K be a uniformly ergodic Markov kernel on 3, let v be
its unique stationary measure and let P be the Markov measure on X = 7.
Let o: X xT¢ — R be a continuous observable that depends on a finite number
of coordinates of w € X. Given any € > 0, there exist n = n(e,¢) € N and
c = c(e, ) > 0 such that for all § € T and for all n > n, we have

]P’{wEX:‘igqﬁ(ﬂ(w,ﬁ))—/xxw¢d(]}”xm) 28} <e M.

It would, of course, be interesting to consider the more general case of

observables that depend on all coordinates.

An even more complex type of dynamical system is given by linear
cocycles over a base ergodic system (M, f,v). A continuous map A: M —
GL,,(R) determines the linear skew product F': M x R™ — M x R™,

This new dynamical system is called a linear cocycle and its iterates are given
by
Fn(x7 U) = (fn(x)a A(n) (I)U>7

where
AN (z) = A(f* (@) -+ A(f (2)) A(x)

are refered to as fiber iterates.

Some important examples of linear cocycles are: quasiperiodic cocycles
(i.e. linear cocycles over a torus translation); random cocycles (i.e. linear
cocycles over a Bernoulli shift); Markov cocycles (i.e. linear cocycles over

a Markov shift); mixed random-quasiperiodic cocycles (i.e. linear cocycles
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over a skew product between a Bernoulli shift and toral translations) and
mixed Markov-quasiperiodic cocycles (i.e. linear cocycles over a mixed Markov-
quasiperiodic map).

By the subadditive ergodic theorem (or by Furstenberg-Kesten’s theo-
rem), the geometric averages L log||A™(z)| converge for v-a.e. z € M to a
constant Ly (F") called the maximal Lyapunov exponent of F.

The other Lyapunov exponents Ly(F),..., L, (F) are defined similarly,
changing the norm (or largest singular value) of the fiber iterates A™(z) by

the other singular values.

Definition 1.0.1 We say that the linear cocycle A satisfies a fiber large
deviations estimate if for every ¢ > 0 there exist ¢(¢) > 0 and n(¢) € N
such that

1
p{x € M : | =log||A™(2)|| — Li(F)| > e} < e (1.3)
n
for all n > n(e).

An important question in dynamical systems concerns the continuity
properties at these limiting quantities, the Lyapunov exponents, as functions
of the input data.

Results on the continuity of the Lyapunov exponents are available for
several models. See for instance: [10, Chapter 6] for Holder continuity results
for quasiperiodic cocyles; [10, Chapter 5], [11] and [3] for continuity results for
random cocycles; [10, Chapter 5] for continuity with respect to the the fiber
map A of Lyapunov exponents of Markov cocycles and [6] and [2] for continuity
of Lyapunov exponent for mixed random-quasiperiodic.

We establish the joint Holder continuity of the maximal Lyapunov
exponent of Markov cocycle (as a function of the fiber map and the transition
kernel), under a generic (irreducibility) assumptions.

More precisely, let (X, K,u) be a Markov system, let A: ¥ x X —
GL,,(R) be a fiber map and consider the corresponding Markov cocycle
F=Farg: XxR" = X xR™,

F(w,v) = (ow, A(wy,wp)v),

where w = {w, }nez € X = X2
Definition 1.0.2 The Markov cocycle Fi4 ) is called irreducible if there is

no proper invariant section under the fiber dynamics.

Theorem 1.0.4 Let A: ¥ x ¥ — GL,,(R) be a Lipschitz continuous cocycle
and let K: ¥ — Prob(X) be a uniformly ergodic Markov kernel. Assume that:
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(i) the cocycle Fa iy is irreducible,

(ii) Li(A, K) > La(A, K).

Then the map (A, K) — Li(A, K) is locally Hélder continuous.

An important motivation for part of this work, and a longer term project,
concerns the study of linear cocycles over mixed Markov-quasiperiodic base
dynamics. This projects was inspired by the ongoing work of Cai, Duarte and
Klein on the stability under random noise of quasiperiodic systems (see [5],
[6] and [7] for partial results in this direction). Other interesting results were
recently obtained for related models by Bezerra and Poletti 2], Goldsheid [14]
and by Gorodetski and Kleptsyn [15].

We are interested in deriving large deviations estimates for mixed
Markov-quasiperiodic cocycles as well as continuity properties of their Lya-
punov exponent. [t turns out that these two problems are related. By an ab-
stract continuity theorem of the Lyapunov exponents in [10, Chapter 3], the
availability of LDE that are uniform in the data imply the Holder continuity
of the Lyapunov exponent for any space of cocycles over any base dynamics.

In this work, we derive an upper fiber LDE for such mixed cocycles.

Let (X, K, ) be a Markov system, let (X,o0,P) be the corresponding
Markov shift and let @ € T be rationally independent. Given a continuous
fiber map A: ¥x X xT? — GL,,(R), consider the corresponding mixed Markov-
quasiperiodic cocycle F': X x T¢ x R™ — X x T? x R™,

F(w7 97 U) = (Uwa 0+ a, A(wb Wos 9)0)7

where w = {wy, }nez € X = X2

Theorem 1.0.5 Given a mixed Markov-quasiperiodic cocycle F as above, for
any € > 0 there are i = n(e) € N and ¢ = c(¢) > 0 such that for all € T?

1
Plu: log|AM(w,0)] > Lu(F) + 2} < e
n

for alln > n(e).

This result, together with the large deviations estimates on the base (1.1),
the uniform convergence (1.2) and other more technical results, like a version
of Kifer’s non-random filtration, prepare the ground for the completion of the
aforementioned larger project.

The rest of this work is organized in six chapters as follows.

In Chapter 2 we review basic notions in ergodic theory, such as the

concepts and examples of ergodic systems and the Markov operator associated
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to a Markov transition kernel. We also recall some important theorems in
ergodic theory: Oseledets’s theorem and Kifer’s non-random filtration theorem.

In Chapter 3 we present the result regarding the rate of convergence of
Birkhoff averages for a Diophantine torus translation with Hoélder continuous
observable.

In Chapter 4 we establish and prove a large deviations estimate for
mixed Markov-quasiperiodic dynamical systems with observables depending
on a finite number of coordinates.

In Chapter 5 we obtain the Holder continuity of the maximal Lyapunov
exponent via a Furstenberg’s formula for linear cocycles over Markov shifts.

In Chapter 6 we obtain an upper large deviations estimate for linear co-
cycles over mixed Markov-quasiperiodic base dynamics, and as a consequence
of that, the upper semi continuity of the maximal Lyapunov exponent.

In Chapter 7 we describe some related future projects.
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2
General concepts

In this chapter we review the main concepts needed throughout the
work. We begin with the notion of ergodic dynamical system (Section 2.1).
In Section 2.2 we define the general Markov shift and introduce the Markov
operator associated to a Markov transition kernel. In Section 2.3 we define
the concept of linear cocycle and its Lyapunov exponents via the Furstenberg-
Kesten’s theorem. In Section 2.4 we recall the multiplicative ergodic theorem
of Oseledets and state the Kifer non-random filtration theorem, a stronger
version of Oseledets in the setting of linear cocycles over a Bernoulli shift. In
Section 2.5 we introduce the concept of large deviations estimates in dynamical
systems. We conclude this chapter with the statement and proof of a more

general version of Kifer’s non random filtration theorem (Section 2.6).

2.1
Measure preserving dynamical systems
Let (X, B, 1) be a measure space and let 7: X — X be a measurable

function.

Definition 2.1.1 We say that p is a T'-invariant measure on X, or that T
preserves i, if u(T7'E) = u(F), for all measurable sets F € B.

Definition 2.1.2 Let T: X — X be a measurable function. We say that
(X,B,u, T) is a measure preserving dynamical system if p is a T-invariant

probability measure.

Definition 2.1.3 Let (X, 5, 1, T) be a measure preserving dynamical system
and let ¢: X — R be an absolutely integrable function (which we refer to as

an observable).

i) A measurable subset F C X is said to be T-invariant if T'F = E.
ii) ¢: X — R is a T-invariant function if p o T = ¢, p-a.e.

Definition 2.1.4 A measure preserving dynamical system (X, B, i, T') is said
to be an ergodic system if u(E) = 0 or u(E) = 1 for any T-invariant subsets
ECX.
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Definition 2.1.5 We say that a measure preserving dynamical system
(X, 1, T) is uniquely ergodic if T: X — X is a homeomorphism and p is

the unique T-invariant probability measure on a metric space X.

Remark 2.1 If (X, p,T) is a uniquely ergodic system, then necessarily pu is
ergodic. Indeed, suppose that there exists an invariant subset A in M with
0 < u(A) < 1. Thus,
p(ENA)
pa(E) =208
f(A)
is a different T-invariant probability measure on X, contradicting the hypoth-

esis that p is the unique T-invariant measure on X.
We present below examples of ergodic dynamical systems.

Example 2.1 (The Bernoulli shift) Let ¥ be a compact metric space and
consider the space of sequences X+ = XN. The Bernoulli shift is the map
o: Xt — X7 defined by 0(x) = {xni1}tnen for © = {x,} nen. We use the
same notation for its extension to the space X = X2 of double sided sequences.
Denote by Prob(X) the space of Borel probability measures on 3.

Given p € Prob(X), the shift maps o: X* — Xt and 0: X — X
preserves the product measure u and p? respectively. The measure preserving
dynamical system (X, u%, o) is called a Bernoulli shift. It turns out that it is

an ergodic system (see Proposition 4.2.7 in [33]).

Example 2.2 (Translation on the d-dimensional torus) Let T =
(R/Z)¢ with d > 1 be the d-dimensional torus endowed with the Haar
measure m and also regarded as an additive compact group. Points on T are
written as 0 = (0y,...,04).

Given a frequency o = (o, ..., aq) € T?, define the map
T,:T—-R, T,0)=0+«

which is called the torus translation map.

We say that a vector a = (a, ..., aq) € R? is rationally independent if,
for any integer numbers ng,ny, ..., ngq, we have that
ng+nar+---+ngag=0=>ny=ny=---=nyg =0.

Otherwise, we say that « is rationally dependent.
The triple (T¢,m,T,) is a uniquely ergodic system if, and only if, the

components of « are rationally independent (see Proposition 4.2.2 in [33]).
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Example 2.3 (The affine skew product on the d-torus) For any di-

mension d > 2 and an irrational number o, let S, : T4 — T4,
Soc(xlwrQa"wxd) = (I’l +{E27$2+$3,...,I’d+a),

be the skew-translation map.
The map S, is also an example of uniquely ergodic transformation for

every irrational number «. (see [12]).

Birkhoft’s additive ergodic theorem, one of the most important results
in ergodic theory, states that given an ergodic system, the time average of
an observable along the trajectories converges almost everywhere to the space

average. This result can be formulated as follows (see [33], [18] for the proof).

Theorem 2.1.1 (Birkhof’s Ergodic Theorem for ergodic systems)
Let (X,B,u,T) be an ergodic system and let ¢: X — X be an observable.

Then,
1 n—1

liy 3= 6(77) = [ o(@) du(a)

n—oo n

for p-a.e. v € X.

2.2
Markov kernels

Let M be a compact metric space and let B be its Borel o-algebra. Let
Prob(M) denote the space of Borel probability measures on M, which we

endowed with the weak* topology.

Definition 2.2.1 A Markov kernel on X is a continuous map K: M —
Prob(M),z — K,.

The iterates of a Markov Kernel K are defined recursively setting K := K
and for n > 2, F € B,

K"(E //cnl E) diCa(y).

Each power K™ is itself a Markov kernel on (M, B).

Definition 2.2.2 A probability measure v on (M, B) is called K-stationary if

z/lCm(E dv(x

for all £ € B.
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The above definition means that v is stationary if v is Kp-invariant on

average.

Definition 2.2.3 A Markov system is a triple (M, K, v), where K is a Markov

Kernel on (M, B) and v is a K-stationary probability measure.

Consider a Markov system (/C, ) on a compact metric space M.

Definition 2.2.4 The linear operator Q = Q: L>®(M) — L*>®(M)

(Qf) (@) = (Qkf)(z /f ) dKC,(

is called a Markov operator. 1t is easy to verify that

(Qeh)(@) = [ fl) dKi(y)
foralln > 1 and f € L>®(M).

Let (K,v) be a Markov system. Consider the space Xt = MY of
sequences * = {Z,, }nen with z,, € M for all n € N and let BT be the product
o-field BT = BY generated by the B-cylinders. In other words, B+ is generated
by sets of the form

C(Eo,...,En)={re Xt :2; € E;, for0<j<m},

where Fy, ..., FE,, € B are measurable sets.

Definition 2.2.5 Given any probability measure § on (M, B), the following

expression determines a pre-measure

P [C(By, ..., E /E 0 /E 1 Ko ()~ dE, () dO(o)

m

on the semi-algebra of B-cylinders. By Carathéodory’s extension theorem this

pre-measures extends to a unique probability measure P on (X, B").

Markov system are probabilistic evolutionary models, which can also be
studied in dynamical terms. Let (K,v) be a Markov system and X = MZ be
the set of double sided sequences. The one-sided shift is the map o : XT — X
such that o({x tnen) = {®n+1}nen and the two-sided shift is the map o: X —
X such that o({z,}nez) = {Tni1}nez. The two-sided shift is the natural
extension of the one-sided shift. Then, there is a unique probability measure
P,y on (X,B) and we will refer to the measure Py, as the Kolmogorov

extension of the Markov system (IC,v).
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Definition 2.2.6 Given a Markov system (/C, v) let P,y be the Kolmogorov
measure on X = MZ. The dynamical system (X,P,,o) is called a Markov

system.
We denote by P = P, the Markov measure on MY with initial

distribution v and transition kernel .

2.3
Linear cocycles and Lyapunov exponents

Definition 2.3.1 A linear cocycle over a base ergodic system (X, u,T) is a

skew-product map

Fpo: X XR™ - X xR™
(z,v) = (Tz, A(z)v)

where A: X — GL,,(R) is a measurable map.
We identify F4 with the pair (T, A) or simply with A. Define
A (z) = A(T" '2) - A(Tx) A(z).
Then the iterates of 'y are given by:
Fi(x,v) = (T"z, A™ (z)v).

Example 2.4 (Quasiperiodic cocycles) We call quasiperiodic cocycle a
linear cocycle over a torus translation. That is, given o € T¢ and A: T¢ —
GL,(R), let Fla,a: T? x R™ — T x R™ such that

F(a7A)<97 U) = (8 + a, A(Q)U) .

For simplicity we identify the quasiperiodic cocycle F ay with the pair

(v, A).

Example 2.5 (Random cocycles) We call random cocycle a linear cocycle
over a Bernoulli shift. That is, given A: M — GL,,(R) and X = MZ, let
F=Fag: X xR™—= X xR™ such that

F(w,v) = (ow, A(wg)v) .

Example 2.6 (Markov cocycles) We call Markov cocycle a linear cocycle
over a Markov system. That is, given a Markov system (X, K, u), the corre-
sponding (X, P, o) and given A: MxM — GL,(R), let F' = Fa ): X xR™ —
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X x R™ such that
F<w7 U) = <0w7 A<w17 wo)v) :

Its iterates are given by
F'w,v) = (6"w, A"(w)v),
where for w = {wytnez € X,

A (W) = A(wn, wn—1) + -+ A(wa,wr) A(wr,wo) -

Theorem 2.3.1 (Furstenberg-Kesten) Given a p-integrable cocycle F' =
Fir,ay of an ergodic system (X, u,T), that is,

/X log™ || A(z)|| dp(z) < +o0
for u almost every x € X,

1
Li(F) := lim —log |[A™(z)].

n—oo n,

The number Li(A) is called the first Lyapunov exponent of A.

Furthermore, the Lyapunov exponents of A, denoted by Ly(F),1 < k <
m, can be characterized as the almost everywhere limits
Li(F) := lim l1ogs (A™(z))
k T oo n k )
where s,(A"(x)) are the singular values of the matrices A™ (x).
The Lyapunov exponents depends on the data. In particular, if A is a
quasiperiodic cocycle, we denote the maximal Lyapunov exponent by L;(«, A).

If (A, K) is a Markov cocycle, then we denote by L;(A, K) the first Lyapunov

exponent of A.

2.4
The multiplicative ergodic theorem

Given a measure p € Prob(GL,,(R)), denote by G, the closed subgroup
of GL,,(R) generated by the support of pu.

Let Gr(R™) denote the set of all linear subspaces of R™. In the conext
of GL,,(R)-valued cocycles, the Oseledets Multiplicate Ergodic Theorem for

ergodic transformations can be formulated as follows (see [33] for the proof).

Theorem 2.4.1 (Oseledets) Let (X, u,T) be an ergodic system, let A: X —
GL,,(R) p-integrable and let Fa: X x R™ — X x R™ be the corresponding
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linear cocycle. Then, there exist \y > Ay > --- > A\ > —o0 and a family of
measurable functions Fj: X — Gr(R™),1 < j < k, such that for p-almost
every x € X,

(a) A(x)F;(z) = F;(Tx) forj=1,...,k

(b) {0} = Fui(2) € Fil2) C ... € Ba(w) € Fi(a) = X x R™

) 1

(c) for every v € Fj(x) \ Fiii(x), lim, i - log || A™(x)v]| = ;.

The numbers X\; are called the distinct Lyapunov exponents of the linear

cocycle. They coincide with the (possibly) repeated Lyapunov exponents given
by the Furstenberg-Kesten’s theorem. In particular, L; = \;.

This result improves the Furstenberg-Kesten theorem in that it provides
exponential rates of the convergence for the iterates ||A™ (z)v|| of all vectors,
rather than just for the norm of the matrices.

For random linear cocycles, Kifer [20] obtained a more precise version of
the multiplicative ergodic theorem, where the filtration does not depend on

the base point.

Theorem 2.4.2 (Kifer non-random filtration) Given p € Prob(GL,,(R))
there exists a filtration £ = (Lo, L1, -+ , L) with 0 <r < m,

R"=Lo2Li 22 L_12L 2 {0}
and there are numbers

B(p) = Bo(p) > Bi(p) > -+ > Br—a(p) > Br(p)

such that for every 0 <53 <r

(1) each linear subspace L; is G ,-invariant, that is, gL; = L; for all g € G,
2) for every v € L\ Ljy1 and pN-a.e. w € XV,
3\ L

lim log HA(")(W)UH = Bi(n)

n— o0

(3) the numbers 3;(u) are the values

// log |lgp|| dv(p) du(g)
v JP@®R™)

where v is an extremal point of Prob,(P(R™)) and Prob,(P(R™)) is the

space of p-stationary probability measures.
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(4) for any extremal point v of Prob,(P(R™) such that
1 dv(p)d = B,
/Z/P(Rm) og |lgpll dv(p) du(g) = B;(1)

we have v(L;) =1 and v(L; 1) = 0.

In Section 2.6 we will formulate and prove, following [20], a more general
version of this result, which will be later used to derive Kifer non random

filtration-type theorems for other types of linear cocycles.

2.5
Large deviations

Let (X, B, u, T) be an ergodic dynamical system.

As mentioned in Section 2.1, Birkhoff proved that the time average of an
observable along the trajectories exists almost everywhere and converges to the
space average. In particular, this implies the convergence in probability. When
there is a rate of convergence in probability for certain types of observables, we

say that the system satisfies large deviations estimates (LDE). More precisely,

Definition 2.5.1 We say that an observable ¢: X — R satisfies a base large
deviations estimate if for every € > 0, there exist ¢(¢) > 0 and n(e) € N such
that

n—1

Zs@(Tjw)—/so

J=0

1
p{r e X : | > e} < emcem
n

for all n > n(e).

Let A: X — GL,,(R) be a linear cocycle over the dynamical system
(X, B, 1, T).

Large deviations estimates are available for many types of base dynamical
systems, especially for systems with some hyperbolicity (see for instance
Chazottes and Gouézel [9]).

In the context of uniquely ergodic system, it was proved that the time
average of a continuous observable along the trajectories converges uniformly
to the space average (see p. 160 in [33]).

Since the translation on the torus 7,: T¢ — T? is uniquely ergodic, the
Birkhoff ergodic theorem implies that

1=
Z%so(TifL‘) — / v

"

uniformly in # € T¢ where ¢: T¢ — R is an observable.
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In particular,
1 n—1

ST - [ ¢

n i

—0

o

so for every € > 0, there exists n(e) € N such that

<€

1 n—1 )
- > o(Tix) — / @
=0

for every x € T¢ and for every n > n(e).
One of the main goals of this work, is to estimate the convergence rate
of the Birkhoff averages for a-Hdélder continuous observable ¢ in the context

of diophantine torus translation. We present this result in the next chapter.

Definition 2.5.2 We say that the linear cocycle A satisfies a fiber large
deviations estimate if for every € > 0, there exist c¢(¢) > 0 and n(e) € N
such that

1
p{r € X : - log [[A™ (2)|| — Li(A)]| > e} < e~

for every n > n(e).

That is, if a linear cocycle A: X — GL,,,(R) satisfies large deviations

estimates on the fiber, then
A 1 A(n) [ (A
Li(4) 5<n10g” (@)|| < Li(A) + €

except for a set of phases with exponentially small probability. When

"log A (@) < La(4) + ¢
holds with high probability, we say that the cocycle satisfies upper large
deviations estimates.

Large deviation estimates were obtained in many contexts, in particular,
in the context of random Bernoulli cocycles [3], quasiperiodic cocycles (see [10,
Chapter 6] therein) and Markov cocycles (see [7] and references therein).

Large deviations estimates for linear cocycles are intimatelly related to
the continuity properties of the Lyapunov exponents. It was shown (see Chap-
ter 3 in [10]) that if a space of cocycles satisfies uniform fiber LDE (uniform
in the sense that the relevant parameters are stable under perturbation of the
data) then the Lyapunov exponents are Holder continuous functions.

In Chapter 5 we will obtain the Holder continuity of the Lyapunov

exponeny for Markov operators directly, without large deviations. However, for
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other models of linear cocycles, establish large deviations (which is important
in itself) is also crucial for deriving continuity properties of the Lyapunov

exponents.

2.6
Kifer non-random filtration

Before we formulate the Kifer non-random filtration theorem, we present

the following theorem that will be useful later. We will follow the argument of

Y. Kifer [20].

Theorem 2.6.1 Let (M, K, ) be a Markov system, where M is a compact
metric space, and F be the space of Borel maps of M into itself. For every
x € M and for every measurable subset E C M, there exists a probability

measure v in the space of F such that
Ki(E)=v{ge F:g(x)ec E}.

Proof. Since the space M is a compact metric space, M is Borel measurably
isomorphic to a Borel subset of the unit interval [0, 1] (see [22]). That is, there
exists a one-to-one map ¢ : M — [0, 1] such that I' = p(M) is a Borel subset
of [0,1] and ¢! : T' — M is also Borel.

For any x € M and a Borel subset F of [0, 1], define a probability measure
K on [0,1] such that
Ke(E) = Ko™ (ENT))

and define the map z : M x [0, 1] — [0, 1] such that

z(z,w) = inf{y € [0,1] : £.([0,7]) > w}.

Fixed w and since KC,(G) is a Borel function of x for any Borel subset
G C M, the subset {z € M : K,(p~!([0,a]NT)) < w} is Borel. Then z(-,w) is
a Borel map from M into [0, 1]. Indeed,

{reM:z2(zw) >a}={reM:K,(0,a]) <w}
={reM: K, (0 ([0,a]NT)) < w}.

Let xy € M and consider the map : [0,1] — M such that

o (x), z€l
%o, z€[0,1\T

() =
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For each w € [0,1], we may define the Borel map f,: M — M, f, =
¥ o z(-,w). Then, we obtain a map J: [0,1] — F such that J(w) = f,.
Moreover, there is a measurable structure on F induced by the map J by the
following: a subset A C J is measurable if J 1A is a Borel subset of [0, 1].

Let m be the Lebesgue measure on [0,1] and define the probability

measure

v(A) = m(le)

for any A C F such that J'A is a Borel subset of [0,1]. Fixed z € M, we

have

mi{w : 2(z,w) > a} = m{w : K,([0,a]) < w}

=1-K,([0,a]).
Hence,

l=m{w: z(z,w) €[0,a]} U{w : z(z,w) > a})
=m{w: z(z,w) € [0,a]} + m{w : z(z,w) > a}

=m{w: z(z,w) € [0,a]} + 1 — K.(]0,a]) }

and then m{w : z(z,w) € [0,a]} = KC;([0, a]). Moreover, for any Borel subset
A of [0, 1], we have
miw : z(z,w) € A} = K (A).

Therefore, for every Borel subset G' of M

v{g € F:g(x) € Gy =m(T {9 € F:g(x) € G})
=m{w: J(w) e {ge F:g(x) € G}})
=miw: f(w)x € G}
= m{w : z(z,w) € Y 'G}

K.(y™'G)

K.(LNny™'@)

Ka(pG) = Ko(G)

and this completes the proof. [ |

Definition 2.6.1 Let (2, B,P) be a probability space. A filtration on B is
a sequence of o-algebras {B,},>0 such that B, C B,11. A martingale is a
pair ({&:}n>0, {Bn}n>0) where {&,},>0 is a random process on (2, 3,P) and
{B,.}n>0 is a filtration on B such that for all n > 0:
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(1) &, is B,-measurable,

(2) E[&n41 | Bn] = &, P-almost everywhere.

Theorem 2.6.2 (Martingale Convergence Theorem [26]) Let (2, 3,P)
be a probability space and let({&n}n>0, {Bn}n>0) be a martingale. There exists
¢ € LY X, B, P) such that:

(1) &, — Eoo P-almost everywhere,
(2) Ellw | Bn] = &, P-almost surely for every n > 0,
(3) € is Bo-measurable, where Bo = o(B,, : n > 0).

Let F be the space of all projective linear cocycles. The space F is
endowed with a measurable structure such that the map Fx M xPR? (F,u) —
Fu is measurable with respect to the product measurable structure in F x M x
PR®.

Let P41 be the (d — 1)-dimensional projective space and let m(z) be a

positive integer-valued Borel function on M. Define Uy, = {x : m(z) = k}.

Definition 2.6.2 We say that £ is a Borel measurable subbundle of M x R™
corresponding to the function m(z) if £ = Uzen(x, £,) and the map = +— L,

restricted to each Uy, is a Borel map of Uy, into the Grassman manifold Gry(R™).

In other words, if £ is a Borel measurable subbundle of M x R™ then,
for every x € Uy, the k-dimensional subspaces £, depend measurably on z.
Now, we are going to state and present the proof of the Kifer non-random

filtration theorem following the argument in [20].

Theorem 2.6.3 Let Fy, Fy, ... be a sequence of random linear cocycle with
the common distribution n acting on M x PR, Assume that n and a P*-

invariant ergodic probability measure p on M satisfy the condition

[ [ 0og" 176(@) ]| + 1og™ |Tp (@)]) dp(@)dn(F) < oo.  (2.1)

Then one can choose a Borel set M, C M with p(M,) = 1 so that for any

x € M, there exists a sequence of (non-random) linear subspaces
ocLPc...cLlcLl=R" (2.2)

and a sequence of (non-random) values

—00 < By(p)(p) <-++ < Bilp) < Bo(p) < o0
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such that for p-almost all w € 2,
lim 1 log ||" w)|| =
Jim = log [T (z, w)l| = Folp)

and if € € L1\ LI where L. =0 for alli > r(p), then

1 n _
Jim —log || (z,w)él| = Bip)  p-a.s.
Moreover, the numbers 3;(p) are the values which the integrals

//1 og 'j‘ﬂ ““” dv(z, u) dn(F) (2.3)

take on for different ergodic measures v € N,,, where
N, = {v € Prob(M x P™1) : v isn -stationary measure andmv = p}

and w: M x Pt — M is the natural projection. Furthermore, the dimensions
of L.,i=1,---,7(p) do not depend on x for every x € M, and L = {LL} form
Borel measurable subbundles of M, x R™. These subbundles are F-invariant
in the sense that

jF/;;: zc p X n-a.s.
where f = tFr 1.

Proof. First, we establish the following useful lemmas:

Lemma 2.6.1 (Kronecker’s lemma) Given a convergent series > oo | a,,

lim sup Z a] =0.
Lemma 2.6.2 Let Z,, be a Markov chain on a topological space M and K be
the Markov kernel. If Q) is the correspondent Markov operator and g € L*(%),
then with probability one

n—1

lim, = S (Q9(%) — 9(%,)] =0,

n—oo n,

Proof. Define the sequence of random variables

i
L

W= Y- —1Q0(%) — g(Zy).

<
Il
o
<
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Then

n

Wt =3 —71Qu(Z) = g(Z30)] = Wa +

Qg(Zn) B g(ZnJrl)
n+1 '

We claim that {(W,, B,)} is a martingale, where B,, = 0{Zy, ..., Z,}. In
fact, since W, is determined by Z; with 0 < j < n, we have

El Wi | Ba] = Wi + ——(BQo(Z0) | Bl ~ Elg(Znor) | Bu)

= Wa+ ——(Qo(Z0) ~ Elg(Z11) | Z,]).

On the other hand,

Elg(Zi) | Zo=1] = [ g dK. = Qglx) = Qg(Z,)

Hence,
E[WnJrl | Bn] = Wn

and consequently, the process {(W,,} is a martingale.
By Theorem 2.6.2 (Martingale Convergence Theorem), there exists a
random variable W: X — R such that W,, converges to W almost surely. By

Lemma 2.6.1 (Kronecker’s lemma) we have

0= Jim -3 (@9)(%) - 9(Z)
= Jim {Zu@gxzj) ~ 9(Z,) + (9(Z;) - g(zjﬂm}
= Jim - 3(Qa)(Z) - oZ))] + Jim & - 10(Z) ~ 9(Zp)
= tim L5 100)(Z) - 002+ i 20— 0)
Hence,
lim S ((Qo)(Z) — 9(Z)] =0
and this completes the proof. |

We recall the following result from H. Furstenberg and Y. Kifer [13].

Theorem 2.6.4 (Furstenberg-Kifer) Let (X, K) be a Markov system on a
compact metric space X.. Given a K-Markov process {Z,}n>0 and f € C(X),
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then with probability one,

limsuplni:lf(Zj) < sup {/zf dv:v € ProbK(E)} :

n—oo N =0

Proof. Consider a dense sequence of functions gi, go,... in C(X) and the

sequence of measures

1 o0
pa (W) = =07,
n =

For each i > 1, let B; € B be the full probability set in Lemma 2.6.2
associated with g;. Then B = N°, B; € B is a full probability set such that for
each w € Band all 1 > 1,

lim — Z(ng)(Zj(w)) —9i(Z;(w)) =0.

This implies that if ¥ € Prob(X) is any accumulation point of p, then
for all j > 1,

/(ng —9;) dv =0.

On the other hand, the sequence g, ga, . . . is dense, then for all g € C'(X),

[9d@v)= [@Qq)av=[gav

which proves that v is a K-stationary probability measure on ..

Let
B8 = sup{/f dv:v e ProbK(Z)} :

Fix w € B and choose a sequence of integers n; such that
n%_ Z?:_Ol f(Z;(w)) converges to the limsup. Consider a subsequence of this se-
quence such that the corresponding sequence of measures f,,, (w) converges to

v € Prob(X) in the weak-* topology. Hence, v € Proby (%) and

1 n—1 1 n;—1
limsup 5" f(Z;) = lim — > f(Z;) = [ fdv <8
n—oo T =0 1—=00 T =0
and this completes the proof. [

Applying Theorem 2.6.4 to f and —f one obtains

Corollary 2.6.5 Let (X, K) be a Markov system on a compact metric space
Y, {Z,}n>0 be a K-Markov process, f € C(X) and assume that [5, f dv = (3 for
every K -stationary probability measure v € Proby (X). Then, with probability
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one
1n 1

lim — Zf

Define on M x P™~! x F the following continuous function:

| T () ul]
i

where u € R™ is a non-zero vector on the line corresponding to @ € P™~L,

¥(z, 4, F) = log

Sometimes, we will write w = (x,u) € M x P 1,

Furthemore, it is easy to check that

n 1
Z ]+1) 10g

J=0

Tepn (@) - Tn (@)l (24)

for every w = (z,u) € M x P!, Define ¢): M x P! x FN — R such that
&(waw) = Y(w, F1(w))

the natural extension of 1) and define the skew product transformation
T(w,w) = (Fi(w)w, ow)

acting on M x P™~! x FN. Then

Y(TH(w), Fn(w)) = ¢ o TH(w,w) . (2.5)

Assume that v € Prob(M x P™71) is an ergodic n-stationary measure.

Since
[ sup [olw,u, F)dp(x) dn(F)| < oo

ucpm—1

and from (2.4) and (2.5), for v-almost every w = (z,u)

1
li 1
im 7 log

n—)oon+

T (f"(@)) -+ T (@)

where (v) is defined by (2.3), that is,

//l ”jﬂ HUH dv(z,u)dn(F).

Moreover, if 7v = p € Prob(M), then (2.6) implies that for p-almost
every x € M

1
lim inf log

oo () -+ JF1<m>HZHH > y(v), p-as.
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But then also

1
lim inf ] log

n—oo n+

T, (f1()) - - Jpl(x)“uuHH > VseuAI/) v(v), pxp-as. (2.7)

where N, = {v € Prob(M x P™1) : v isn-stationary measure and 7 = p}.

Now, we are going to show that, in fact, the limit in (2.7) exists and it

is equal to sup,cp;, (V).

Lemma 2.6.3 Let p € Prob(M) be an ergodic invariant measure satisfying

| [ 08" 176(@) | + log™ |T5- @)]) dp(a)dn(F) < oo.

Then, there exists a Borel set U, C M with p(U,) = 1 such that p-almost surely

i 10g [T, (F7(2) -+ Tis ()] = sp () = ()

veN,

for every x € U,. Furthermore, if the linear functional ~ is constant for all

n-stationary measures v € N,, that is, y(v) = (3, then

lim, 108 | Tr,,, ('()) -+ T, (@] = B p-as.

n—oo

for any nonzero £ € R™ and for every x € U,.

Proof. Define 1 : M x Pt x FN R and ¥y : M x P™1 — R such that

dn = max{—N, min{N,¢}} and Uy = / b dn.

By a similar argument used in Lemma 2.6.2, we can prove that for v x p-

almost surely

i (n (Tpw), Fusr) — U (Ti(w))) = 0. (2.8)

lim
n—oo n 4+ 1

Consider the Markov chain Y,, = F"Y, on the space M x P!, Then,
applying Theorem 2.6.4, for p-almost all initial points X, = 7Y},

lim sup Z\I/N Yi) < sup [ Undv p-as.

nsoo N+ 1 veN,

In other words, for p-almost all x € M and all v € P™ 1,

1
lim sup . S Un(FF(z,u)) < sup//@Z)N w, F)dv(w)dn(F) p-a.s.

n—oo N + k=0 veN,

It follows that
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[Y(z,u, F) = ¢n(@,u, F)| < (log" || Tp()]| +log™ | Tz (@)l + N)Lpy (2, F)

(2.9)
where
By = {(z, F) : max{log" || Tr(z)||,log" || 7" ()} > N}.
Hence, for w = (x,u)
1 n
ntl ;[w(F’“w, Fri1) — Un(Frfw, Fr)]| <
1 n
< —— Y llog" [|Tri, (F0)| + log* [Tk, (FA0)]l + NLay (£, Funn)].
k=0
(2.10)

Applying the random ergodic theorem, we conclude that (2.10) converges

p X p-almost surely to the limit
/B (log™ [| Tk (2)|| + log™ |77 (2)|) dp(x) dn(F) . (2.11)
N

By hypothesis (2.1), the expression in (2.11) tends to zero when N — oco.
This together with (2.4), (2.8), (2.9), (2.10) and (2.11) implies that for p-almost

all z and u € P!,

1
lim sup - log HJFMI(f”(x)) o TIr (x)ﬁ‘ < sup y(v) p-as. (2.12)

n—00 veN,

Let {zx;} be a orthonormal basis of R™. Since the inequality (2.12) holds

p-almost surely for any &; in place of @ then it follows that p x p-almost surely

: 1 n
tim sup - 1og [T, ("(2)) -+ T (2)] < sup (). (213)
n—oco N veN,
Combining (2.7) and (2.13) together with Corollary 2.6.5, we may
conclude the proof. [ |

For any set of non-zero vectors I' in R, denote by [ the corresponding
set of points in P!, For any measure v € Prob(P™!) denote by L£(v) the
minimal linear subspace £ of R™ satisfying v(£) = 1.

It is straightforward to show that L(v) = U{(z, L,(v))} forms a Borel

measurable subbundles of M x R™.

Lemma 2.6.4 Let p € Prob(M) be an ergodic n-stationary probability mea-
sure and v € N,. Then there exists a measurable set V(v) C M such that
v(V(v)) =1 and

Ly (v) = Tr(x) La(v)
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for n-almost all F' and for every v € V(v), where f = nFr'. Moreover, the
dimension n,(v) of L,(v) is an invariant function and it is equal to a constant

for p-almost every x.

Proof. Define £(v) = Uy (z, £,(v)). Since p is an n-stationary and by definition
of L,
1= vlw) = [ [valTs " (@) L1 v)) dp() dn(F) .

Hence,
v Tr () Le(v) =1 px n-ae. (z,F).

Then, we can choose a Borel set V(v) with p(V(v)) = 1 such that the
previsous equality holds for any x € V(v) and m-almost every F. By the
minimality of £,(v) we conclude that for every z € V(v),

L,(v) C Tp'Lse(v) n-as.
Hence, the dimension n,(v) of £, (v) satisfies
ny(v) <ng(v) n-as.
Since

P, (v) = / nso(v) dn(F)

and p is n-stationary then from the previous inequality

0< [(1alv) = na(v)) dn(F) dp(2) = [(Pa(w) = nal)) dp() = 0

and then ng,(v) = n,(v) for p x n-almost surely.
Then

Pnys,(v) =n,(v) p-as.

and since p is ergodic, we conclude that n,(v) is a constant for p-almost every
x. And this conclude the proof. [ |

Recall that a measurable subbundle £ = U,(x, £,) is F-invariant p x n-

almost surely if
JrLy =Ly, pXn-as. (2.14)

where f = nFn~ 1. If p is an ergodic n-stationary probability measure and

L = Ug(z, L) is F-invariant p x n-almost surely then the dimension
d.(L) =dim L, = d(p, L) = const p-a.s.

Then, the subbundle L restricted to some Borel set U(L) C M with p(U(L)) =
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1 is measurably isomorphic to the direct product U (L) x R4»£), This isomor-
phism can be represented by some family of linear maps J (z): £, — RUPE)
defined for z € U(L) and such that (z,&) € L corresponds to (z,Jz(x)) €
U(L) x RUPE),

For each random linear cocycle F, define the map F*%: M x R4»E) —
M x R¥£) such that F*(z,n) = (fz, J5(x)n) where v € U(L), f = mFr~}

and

Je(2)Tp(x) = JE(2)I o (2), if (x, F') satisfies (2.14)
JF(x) = 1d, if (x, F') does not satisfies (2.14)

A similar argument used in the proof of the Lemma 2.6.3, we may proof
that there exists 5(p, £) such that with probability one

ti tog |9E (7 10) -+ T ()] = 0.2

for every x € U(L).
Let v € N, and p € Prob(M) are both ergodic measures. By Lemma
2.6.4, the subbundle L(v) is measurable and F-invariant p X n-a.s. Since

v(L(v)) =1, it follows that

Blp, L)) = a(v).

Denote by C the collection of all F-invariant p X p-a.s. measurable
subbundles £ satisfying 5(p, £) < 5o(p), where

bolp) = sup 1) = sup [ [1og 12 0wy anr)

Ve, veN, Il

If C = () then the filtration is trivial. Suppose now that C is not empty
then there exists v € N, with £(v) € C. Since d(p,£) < m then C has a

maximal element £™** which is uniquely determined. Moreover,
Pilp) = B(p, L) = ilérgﬁ(p, L) < Bo(p)- (2.15)

We claim that £ can be taken as £! in (2.2). In fact, suppose that
L is an F-invariant p X n-a.s. measurable subbundle. Consider the factor
(M xP™~1) /£ where each two points (z, £) and (z, x) in M xP™! are identified

if £ — x € L,. Moreover, since £ is F-invarian n X p-a.s., we have

Tr()R™ /L, =R™/Lsy  p X n-as.
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Given z € U(L), we can apply similar arguments of the previous lemmas

to obtain that p x p-a.s. the limit

lim, log [T (£~'2) -+~ TE ()| = (o, (M x B" 1))

n—oo

exists and it is non-random.

Lemma 2.6.5 Let L be an F-invariant u X p-a.s. measurable subbundle then

Bo(p) = max{B(p, L), B(p, (M x R™)/L)}.

Proof. Let U(L) be a measurable subset of M such that p(U(L)) = 1, for any
x € U(L) such that
jpﬁz = ﬁfx pP X n-a.s.

and d,(L) = d(p, L£). For those z and n-almost all F', the matrices Jr(z) have

the following form

[ @ gpw
jF(”‘[ 0 J52<x>]

where J7/ (x) are submatrices, J2A!(x) corresponds to the restriction of Jp(x)
to £, and JZ*(x) corresponds to the action of Jp(z) on R™/L,.

A simple calculation gives

where

Cu(x) =D (Tp" )" HT2)(Tp")(T2) (T ().

J=0

Since masc{ | (72", | (T2} < |7()"]| we have
max {lim sup 1 log (T2,
n
1 1
lim sup — log H(Jl?)nﬂ} < limsup — log ||(Tr(z))" ||

n n

which implies that

max{3(p, L), B(p, (M x R™)/L)} < Bo(p).-

On the other hand, since J:* is bounded, the above formula shows that

1(Tr(z))™|| can never grow exponentially faster than both |[[(JA)"|| and
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I(7#)" |- Thus,

) 1 n
hmsupﬁlOgH(jF(x)) | <
1 1
< masx {lim sup —log | (74" i sup —log (722"}
n n

and then
Bo(p) < max{B(p, L), B(p, (M x R™)/L)}.

|

By (2.15), B(p, L) < Bo(p), then by Lemma 2.6.5, 5(p, (M xR™)/L) =

Bo(p). Applying a similar argument of Lemma 2.6.3 to the vector bundle
(M x R™)/ L™ we conclude that either

T g [T, (71 0) - T (fr) T ()€ = Bilp) px pras

for every £ € R™/LM* or by Lemma 2.6.4, there exists an F-invariant
p X n-almost surelly non-trivial measurable subbundle A of (M x R™)/Lmax
with 5(p, A) < Bo(p). Hence,there exists an F-invariant p x n-almost surelly
measurable subbundle £ of M x R™ such that £ > £™ and d(p,£) >
d(p, L), This contradicts the maximality of £™** and proves that

T og [\Tr, (/") -+ T (F) T (2)E| = Bi(p) px poas.

for every £ € R™ /L2

Then, take £; = £™**. To get the next term in the filtration, we repeat
above arguments for £, instead of M x R™. And the proof finish by induction.
|
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3
Uniform convergence rate for Birkhoff sums of torus transla-
tions

In this chapter we establish effective convergence rates for the Birkhoff
average of toral translations. These and other related results were published
in Klein, Liu and Melo [21].

In Section 3.1 we provide the framework for our results and state them
formally. In Section 3.2 we review some basic concepts about continued
fractions while in Section 3.3 we review some Fourier analysis notions. Finally,
we obtain estimates on the uniform convergence rate of the Birkhoff averages
of a continuous observable over one-dimensional torus translations (Section

3.4) and higher dimensional torus translations (Section 3.5).

3.1
Introduction and statements

Let us recall the Birkhoff’s ergodic theorem for uniquely ergodic systems.

Theorem 3.1.1 Let (X, B, u,T) be a uniquely ergodic system and let f: X —

R be a continuous function. Then, the convergence of the Birkhoff averages
1 n—1 )
lim = S f(Tz) = / d
m 551 = [ s

is uniform on X.

In other words, for a uniquely ergodic system and a continuous observ-
able, the corresponding Birkhoff averages converge everywhere and uniformly.

A natural question is then: can we estimate the convergence rate of
the Birkhoff averages for certain types of uniquely ergodic systems and
observables?

We obtain a positive answer to this question in the case of a Diophantine
d-dimensional torus translation with a Holder continuous observable. We
obtained similar results also for affine skew product toral transformations (see
[21]). We do not include them here since they are not very relevant to the rest

of this work.
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Let X be a metric space. We say that a map ¢: X — R is a-Hdlder
continuous if there exist non-negative real constants C' and « € (0,1] such
that

6(2) — 6(y)| < Cd(z,y)* for all z,y € X.

We denote by C*(X) the Banach space of a-Holder continuous functions on

X, endowed with the usual Hoélder norm

|9(x) — o(y)]
o, = ol +sup —F——+.
Joll =l + sup 7=
Let T = R/Z be the one dimensional torus endowed with the Lebesgue
measure and let T': T — T, Tx = x+w be the translation on T by an irrational

frequency w, which satisfies a Diophantine condition.

Definition 3.1.1 We say that a frequency w € T satisfies a (strong) Dio-
phantine condition if there exists v > 0 such that for all £ € Z \ {0} we have

Y
k| log? (|k[ +1)
Denote by DC(T), the set of all frequencies w € T satisfying (3.1). Since
the series Zkzl m
in [23, Chapter II]), the set of frequencies satisfying (3.1) for some v > 0 has

[kwl| =

(3.1)

converges, by Khinchin’s theorem (see Theorem 4

full measure.

Let ¢: X — R be a continuous observable and for every integer N let
oM (2) = d(x) + ple +w) + ...+ ¢z + (N — 1w)

denote the corresponding N-th Birkhoff sum.
We estimate the convergence rate of the Birkhoff averages for a Diophan-
tine torus translation with a Holder continuous observable. More precisely, we

obtain the follow result.

Theorem 3.1.2 Assume that the observable ¢ is an «-Hdélder continuous
function on T and that the frequency w € T satisfies the Diophantine con-
dition (3.1). Then for all integers N we have

1 1. 1 log®* N
— oM — < ~log — .
|56 - o] < const (7 * v) 19~

Here and through the chapter const will refer to a universal constant
(that could be made explicit) that may change from a line to another.
It turns out that this estimate is essentially optimal, in the sense that

for almost every Diophantine frequency there exists an observable ¢ € C*(T)
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and a subsequence {ny}r>; such that the corresponding Birkhoff averages of

¢ over the transformation T}, satisfy

1 1
—m)(0) — / gb‘ > const— for all k> 1.
T

’ N ng

We are not providing the proof of this optimality here, as it is not
directly relevant to the rest of this work. The interested reader may consult
our paper [21, Theorem 2].

The above Theorem is an extension of Denjoy-Koksma’s inequality
proven by M. Herman in [17, Chapter VI.3]. In Section 3.4 we present a
new proof of this result. Our approach uses Fourier analysis tools (effective
approximation by trigonometric polynomials along with an effective rate of
decay of the Fourier coefficients of continuous functions) and estimates of (in
this case, some simple) exponential sums. The interested reader may compare
our approach with the more direct, elementary argument employed by M.
Herman in [17, Chapter VI.3].

While indeed more technical, our argument is versatile and modular, thus
we also obtain a result for higher dimensional torus translations, although not
as optimal one as in the one dimensional setting.

For a multi-index k = (ky,...,kq) € Z% let |k| := maxi<;j<q |k;|, and if
x=(11,...,0q) €T let k- :=kizy + ...+ kqrg.

Definition 3.1.2 We say that w € T? satisfies a Diophantine condition if
there exist v > 0 and A > d such that

Ik - w|| = dist (k- w, Z) > —L (3.2)

||

for all k € Z* with |k| # 0. Denote by DC(T?), 4 the set of all frequency
vectors w satisfying the Diophantine condition (3.2). Given any A > d, the set
U0 DC(T?), 4 has full measure.

Next we formulate our result on the rate of convergence of Birkhoff means

of Holder observables over a higher dimensional toral translation.

Theorem 3.1.3 Let ¢ € C*(T?), let w € DC(T?), 4 and let T,,: T* — T be

the corresponding torus translation. Then for all N > 1 we have

1 const 1
ey _/ H < L
HN¢ '[[‘d¢ o — '7 H¢Ha NB

where = 355
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3.2
Some arithmetic considerations

We begin with a review of some basic arithmetic properties that will be
used latter. For more detais, good references are [30, Chapter 3] and [23].

Let w € T ~ [0,1), consider its continued fraction expansion

1

1
ap +

w=1lag,...,an,...] =ao+

and for each n > 1, the corresponding n-th (principal) convergent

Pn

= lag, - .-, anl,
Gn

where the integers p,, = pn(w), ¢, = ¢.(w) are relatively prime.

It is easy to verify the following recursion formulas.

Theorem 3.2.1 Forn > 2, we have that

DPn+2 = An42Pn+1 1 Pns

Gn+2 = Gpi2Qni1 + Qn-

The following proposition ensures that the sequence {g¢,},>1 of denom-
inators of the convergents of w is strictly increasing (for its proof, see [23,
Corollary 2]).

Proposition 3.2.2 If ay,as,... are positive integers, then p, and q, are
relatively primes, and the denominators 0 < q < qo < ... form a strictly

increasing sequence of integers.

By Theorem 3.2.1 and Proposition 3.2.2, g,12 = @pt1qnt1 + @n > 2qy, SO

Qnyor > 2Fq, for all integers n, k.

Theorem 3.2.3 For even n, the n-th principal convergents of w form a strictly
increasing sequence converging to w. On the other hand, for odd n, the n-th
principal convergents of w form a strictly decreasing sequence converging to w.

Furthermore, the following inequalities hold:

1 1 1
< < |gnw — pnl| < : (3.3)
20011 Qo1 T @ Qn+1

We denote by ||w]|| the distance between w and the nearest integer. Then

lgnwll = 1gnw — pnl.
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Definition 3.2.4 We say that a fraction %, (g > 0), is a best approximation
to w if

lqw|| = lqw —p| and |[|¢w| > ||qw]|

for every 1 < ¢’ < q.

It turns out that the best approximations to w are precisely its principal
convergents. In fact, ¢,41 is the smallest integer j > g,, such that ||jw|| < ||g,w||
(see [23, Chapter 1, Theorem 6]). Noting also that ||—t|| = ||¢||, we conclude
the following.

Proposition 3.2.5 Given w € (0,1) \ Q, z'f§ is a best approximation to w

then 1
lljw|| > % forall 1<|j] <q. (3.4)
q

Proof. Suppose that ¢ = ¢,,. By inequality (3.3),

L = llgue]

2qn gn—1C Pn—1| = ||[dn—1W]|.
Since |j| < g, and the best approximations to w are its principal convergents,
we have that ||g,—iw]|| < [|jw]|. [
If w € DC(T),, since by (3.3) we have ||g,w| = |g.w — pn| < =, it

qn+1 ’
follows that 1
Gl < — qn logz(qn +1) foralln>1. (3.5)
~

3.3
Effective approximation by trigonometric polynomials

In this section we review some Fourier analysis notions on the additive
group T% d > 1. We start our review in the case d = 1 (see [32] or [19] for
more details).

Given a continuous observable ¢: T — R, consider the Fourier series

associated with ¢

S~ S R elka) = [9+ 3 FH)elha)

where e(r) := e*™® and

is the k-th Fourier coefficient of ¢.
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For every n > 0, denote by
Sud() = 3 (k) e(ka)
|k|<n

the n-th partial sum of the Fourier series of ¢

Proposition 3.3.1 If ¢ € C*(T), then the Fourier coefficients of ¢ have the
decay

~ 1
‘gb(k)‘ < const [|¢]|, e for all k # 0.

Proof. Note that

66) = o= [ sy = — - [T o) M B

T o
Then, by a change of variables,

2509 = L [ o0 e Das + L [7 ot

2w

! /027r {gb T+ Z) — gb(x)} e+ ) d

" or

- 217T /027r [gb (m + Z) — gb(x)} ek e=im g

= _2177 /027T [gb (x + Z) — gzﬁ(x)] e~ ke dy
Since ¢ is a a-Holder continuous map,

T

@ 1
<cl o).
L <|k|“>

Definition 3.3.1 (Convolution) A typical construction of good trigonomet-

[o(k)]

ric approximations uses integral operators of convolution type:

o *x K,(z) = /

[ oe — 1)K, (1)t = / (1)K (z — 1)dt,

’]I‘Q

where K, is a trigonometric polynomial of degree n.

Since K, is a trigonometric polynomial of degree n, the convolution

¢ * K, () is a trigonometric polynomial of degree < n.

Lemma 3.3.1 Let K, : T — R be a trigonometric polynomial of degree n that

satisfies the following conditions for some constant L < co:
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1) /TKn(t)dt: 1,
2) Kn(t) = Kn(_t);
3) /OW \Ko(8)] dts < L,

4) /07r nt| K, (t)| dt; < L.

Let p: T — R be an a-Hélder continuous function. Then there is M < oo such
that .
[ * K = @lloc < M- 2

— nle

=2/ [ew +0) = e@)] Kn(=t) dt + [[pla 1) = p(@)] Knt)
_9 /0”[¢(x — 1) — 20(x) + oz + )] Kn(t) dt‘
< /O” 20|t | Ko (1)) dt

:/ﬂQC’
0

gzc‘l
n

nt |
—| |K,(t)|dt
K 0)]

a/oﬂ(nt+1)]Kn(t)\dt

< M|n|™®

where M =2C(L + 1).
Therefore,

1
i B = plloo < M
7]

|
A family of functions {K,,: T — R} that satisfies the conditions (1)-(4)
in Lemma 3.3.1 is sometimes called a good kernel.
- 4 (ns2)
1 sin*(nz/2
F,(x) = - — kr) = — ———
(z) |]§<:n ( n > e(kz) n sin?(z/2)
be the n-th Fejér kernel.
For all n € N| let J,,: T — R be n-th Jackson kernel, that is,

Jn(7) := ¢, F2(2)
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where m = | 2], F,,(z) is the Fejér kernel and ¢, < * is a normalizing factor
chosen so that / J, = 1. Therefore, J,(x) is a trigonometric polynomial of
degree < n and uTniformly in n and k, its (Fourier) coefficients have the bound
EAGIES

It turns out that the Jackson kernel .J,(x) satisfies the hypotheses of
Lemma 3.3.1. Hence, an important consequence that will be crucial in our

proof is the following.

Theorem 3.3.2 (Jackson) Given ¢ € C%(T) with a € (0,1], if we denote

Pn() = (¢ Jn) (),

then ¢, is a trigonometric polynomial of degree < n and

1
16 = ulloe < const 4], — (3.6)

This is a quantitative version of the Weierstrass approximation theorem.
Thus a-Holder continuous functions can be approximated by trigonometric
polynomials of degree < n with error bound of order —, which is optimal (this

result is called Jackson’s theorem, see [19] or [31]).

As in dimension one, now we will review some Fourier analysis notions
on the additive group T% d > 2 (see [19, Chapter 1.9] and [16, Chapter 3] for
more details).

For every multi-index k € Z¢ define the multiplicative characters
ex: T¢— C by ex(x) :=e(k - x), where k- & = kyz1 + ... + kgzg.

Let ¢ € L?(T9) and let k € Z¢ be a multi-index. The corresponding

Fourier coefficient of ¢ is then

o(k) = [ o@)e(@)de = [ o(@)e(~k - @)da

Moreover, the Fourier coefficients of a function ¢ € C*(T%) have the

decay

B(k)| < comst [|]], !kl for all ke Z, |k| #0. (3.7)

This follows from Fubini’s theorem and the corresponding one variable esti-
marte.

Consider the Fourier series expansion of ¢ € L?(T9):

> dk)e@) = [ o+ Y k) enia

kezd |k|£0

'For two varying quantities a and b, a < b will mean that a < const b, where const is a
universal constant.
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Given n > 0, the n-th (square) partial sum of the Fourier series of ¢ is

Sud(1) = Y d(k)ex(x),

kl<n

which, as in the one variable case, may in general fail to converge (even
pointwise) to ¢.

We define the d-dimensional (square) Jackson kernel J,,: T¢ — R as

Jo(xy, oo xg) = Jo(xy) - oo Tp(xg) (3.8)

Then (essentially by Fubini’s theorem) J,, has similar properties to those

of its one dimensional counterpart. More precisely, j;(k)‘ < 1 uniformly in n
and k. Moreover, ¢, := ¢ * J, is a trigonometric polynomial in d variables of

degree < n and if ¢ € C%(T?), then for all n > 1,

1
Ién = @l < const 9], — (39)

Furthermore, we have the following estimate on the (Fourier) coefficients
of ¢,. If k € Z* with 0 < |k| < n then

— 1

9n(k)| = |6 Tu(l)| = [806)] Tl < const [l6ll, s (3.10)

where the last inequality follows from (3.7) and the fact that ’j;(k:)‘ S L

3.4
The one dimensional torus translation case

In this section, we establish Theorem 3.1.2 on the convergence rate for
the Birkhoff averages of a Diophantine one-dimensional torus translations for
Holder observables.

Let T = R/Z be the one dimensional torus endowed with the Lebesgue
measure and let 7: T — T, T'x = x+w be the translation on T by an irrational
frequency w, which satisfies a generic Diophantine condition (3.1).

Let ¢: X — R be a continuous observable and for every integer N let
oM (2) = d(x) + dle +w) + ...+ d(z+ (N — 1w)

denote the corresponding Birkhoff sum.

Consider the Fourier series associated with the observable ¢:

o0

o(z) ~ 3 ok e(kz) = /1r 6+ p(k) elkz).

k=—oc0 k#0
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Then for all j € Z, the Fourier series of ¢(x + jw) — / ¢ is
T

S o(k) elk(z + jw) = 3 d(k) e(jkw) e(kz) .

k#0 k40
Hence
T @) = [0= 3 [6@) + 6 +w) ..+ 6+ (V= 1) = N [ 4]
N-1 R
= 3 3 Bk elike) elhe)
j=0 k#£0
R 1 N-1
=Y 3(k) (N > e(jkm) e(ke).
k#0 j=0
It follows that the Fourier series of qb(N ) / @ is

> o(k) (]1, Z e(jkw) ) =Y (k) En(kw) e(kz) (3.11)
kE+#£0

7=0 k#0

where € refers to the (averaged) exponential sum

En(t) = (ﬁ)‘

HMZ

1
N ;

Clearly |Ex(t)| < 1. Moreover, since € y(t) is the sum of a finite geometric

sequence, it follows that

1

En(t)| = N

(3.12)

e(t)N—l‘ ‘1—eNt)’< 1
(t) -1 L—e(t) |~ Nl

Lemma 3.4.1 Let g be a best approximation to the irrational number w. Then

1
> |€n(kw)| < constq O]%[q.

1<|k|<q

Proof. Since ||t|| = [|—t|| for all t € R, it is enough to bound >y <4, [En(kw)|.
Recall that by (3.4), for all 1 < |j] < ¢,

, 1
Jw|| > —.
il > 5-

Thus for every k, k' € {1,...,q — 1} with k # k' we have

1
|kw — Kw| = ||(k — K w]|| > % (3.13)
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Divide T into the 2¢q arcs

g gtt
7297 2g

) , 0<7<2¢-1
with equal length |C;| = i.

By the observation in (3.13), each arc C; contains at most one point
kw mod 1 with & € {1,...,¢ — 1}, and by (3.4), the arcs Cy = [0,2%1) and
Cog—1 = [%, 1) do not contain any such point.

Moreover ifr e C;withl <j <¢g—1,thenx € [0 l) and consequently,
|z]| > 2. On the other hand, if z € C, with ¢ <k < 2¢ — 1, thus = € [ 1).
In thls Case, |zl > 1— k;;l =% 21;+1_ Take j =2¢—k—1,then k =2¢—j—1
and

<k<2q—1=0<2q—k—-1<qg—-1=0<j<qg—-1.

Hence, if x € C} With q < k <2q—1, it follows that x € Cy—;—1 with
0<j<qg—1and |z] = 4. Using (3.12), it follows that

> leal) € Y < 25 < ons Ly

N{FW)| = — < const — logq,

1<k<gq 1<k<gq NHkWH j:l J N

which proves the lemma. [ ]

Theorem 3.4.1 Assume that the observable ¢ is an a-Hélder continuous
function on T and that the frequency w € T satisfies the Diophantine con-
dition (3.1). Then for all integers N we have

H]i,cb“v qu < const (710g >||¢|| 1Og3aN. (3.14)

Proof. Let ¢ € C*(T), fix N > 1 (the length of the Birkhoff sum) and let
1 < n < N (the degree of polynomial approximation) to be chosen later.
Write

which implies that

GO = [o= (5o~ [o)+ (o - [w). W)

From (3.6) we clearly have
1
2 /
0= L]
The proof is then reduced to estimating the N-th Birkhoff average of the
trigonometric polynomial (of degree < n) ¢, = ¢ x J,. By (3.11) applied to

1
< const ||¢[|, — . (3.16)
na
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On, for all z € T we have:

_/T%: Y k) En(kw) e(kx).

1<|k|<n

For all k£ # 0, the corresponding Fourier coefficient of ¢,, = J, * ¢ satisfies

.(0)] = |7.0)- 60| 5 [0)| S Dl

Since the sequence {g;};>1 of the denominators of the principal conver-

gents of w is strictly increasing (Theorem 3.2.3), there is an integer s such that

qs <N < (Qst1-
Thus combining with the preceding, for all x € T we have:
> [@alk)| [En(kw)]

1
o (@) = [ 6| <
‘N T 1<[k|<n

< Y |fulk)] [En(hw)]

1<]k|<gs+1

1
Slelle > W|8N(kw)|

lg‘k‘<q.s+1

el Y |,j| € (k)

Jj=1 Qj<|k|<(Ij+1

< ol Z > en(kw)|

=1 G 1< pbl<ay

j+1108 gj11
<lIelly (Z )

j=1 qj

where the last estimate follows from Lemma 3.4.1.
If w € DC(T).,, then using (3.5), for all 1 < j < s we have:

gj+1log(gj+1) (% 4; 1og”(¢; + 1)) (log% +log(g; + 1))

~Y

9 4

11
< 10g> g~ log(g; + 1)
(7 v) Y ’

1 1
< ( log ) q}‘o‘ log®n.
v Y

As mentioned earlier, g, < 27%q, o for all n, k € N, hence

s
l—-a __ 11—« 11—« 11—« 11—«
g =D 4+ Y g S <nn
Jj=1 1<j<s 1<j<s

j odd j even

(3.17)


DBD
PUC-Rio - Certificação Digital Nº 1821096/CA


PUC-Rio- CertificagaoDigital N° 1821096/CA

Chapter 3. Uniform convergence rate for Birkhoff sums of torus translations 49

We obtained the following: if w € DC(T)., and ¢s < n < gs41, then

¢j+1108 qj41 < < 1 >
_ og log®n q;
> ! >

7j=1 q]
1 1 - 3
S{=log=) nlog’n. (3.18)
g Y
Combining (3.15), (3.16), (3.17), and (3.18) we obtain

5o = Lol =G = Lo |G = ),

gj+11og g; 1
Sliola (Z J“qa”l) + const ||, —

J=1 J

n'=*log’n 1
! LS
< (Fow ) nol, ("

The conclusion (3.14) then follows by choosing the degree of polynomial

. . o N
approximation n = Log:; NJ. |

3.5
The higher dimensional torus translation case

In this section we establish our result on the rate of convergence of
the Birkhoff means of Hoélder observables over a higher dimensional toral
translation. As in dimension one, we use approximations by trigonometric

polynomials.

Theorem 3.5.1 Let ¢ € C*(T?), let w € DC(T?), 4 and let T,,: T¢ — T be

the corresponding torus translation. Then for all N > 1 we have

const

]l

_/]I‘dquoo @ N’B

|52
where = 355
ProofFix N > 1 and let n = o(N) (to be chosen later).
Let J,: T* — R be the d-dimensional Jackson kernel defined in (3.8).

Recall that ¢, = ¢ * J,, is a trigonometric polynomial of degree < n on T¢,
that is

= Y ke = [ s+ X k) ena).

|k|<n 1<|k|<n
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Hence,
1. 1
N (@)= | o= {¢(a:)+...+¢(a;+(jv_1)w)_N T¢]
N-1
S > on(k) e(jkw + k)
N 3 e
P 1 N-1
=Y (k) v 2 clkw+ k:zc))
k#0 j=0
Then
1
N (@) / 1<|Zk|:§n (k) e ()

so for all © € TY,

o @) - [ o,

Let us estimate the Birkhoff sums of the multiplicative characters ey.

< Y ok >| e (@)] -

1<|kl<n

N N—1 N-1
ei)(az):Ze (x + jw) = ex(x) ep(jw)
7=0 7=0
N-1 N-1
=er(z) D ek jw) =ep(x) Y e(jk-w)
=0 =0
1—e(Nk- w)
= (@) 1—e(k-w)

Hence for all € T?, also using the Diophantine condition (3.2),

k|

l—e(Nk- w) 1 1
o @) < [ < !

<
l—ek-w) |7 Jlk-w| =~

Combining this estimate on e,(CN) with (3.10), it follows that

1 )
o (&) - / On| < On(k e ()
ool B el el
const
<ol 5 X
1<|k\<n
const pAtd—a
< 91l

Write
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Combining the last estimate with (3.9) we have:

1 1 1
b Lol |3 )Gt o)
HN¢ 'H‘d¢oo_ N¢n T¢n Oo+ an Twn 0
const nAtd—a 1
< t -
< 22 ol P -+ const 0], =
< 2 g, N,
Y
provided we choose n := N T, [ ]

As noted earlier, this higher dimensional result is likely not optimal.
The sharpness of the one dimensional result is due in large part to the use of
continued fractions, which allowed us a finer analysis of the Fouries series of
the Birkhoff sums.
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4
Mixed Markov-quasiperiodic base dynamics

We call mixed Markov-quasiperiodic dynamical system the product
between a Markov shift and a torus translation. The main goal of this chapter
is to establish a large deviations estimates for such systems with observables

depending on a finite number of coordinates.

4.1
Description of the model

Let X be a compact metric space, F be its Borel g-algebra and denote
by Prob(X) the space of Borel probability measures on X, endowed with the
weak™ topology.

Let us recall some concepts that were introduced in Chapter 2. A Markov
transition kernel on X is a continuous map K: ¥ — Prob(X). Furthermore,

we say that p € Prob(X) is a K-stationary measure if

u(E) = [ K.(E) du(e)

for all £ € F.
Definition 4.1.1 We say that the kernel K: ¥ — Prob(X) is wuniformly
ergodic if there exist n € N and ¢ € (0, 1) such that

82 =y < e

for every wy € X, where |||/ is the total variation norm on Prob(X).

Let (X, K, i) be a Markov system, that is, K : ¥ — Prob(X) is a Markov
kernel on X and y is a K-stationary measure. Let P = P, = Px = Pk ;) denote
the Markov measure on X = %% with initial distribution ; and transition kernel
K. The two-sided shift is the map o : X — X such that

U({xn}nGZ) = {anrl}neZ-

Then (X, P, o) is a measure preserving dynamical system, which we call

a Markov shift.
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Definition 4.1.2 Let a € T¢. We call the map f: X% x T¢ — %% x T¢
F(0.6) = (0,0 + )

a mized Markov-quasiperiodic dynamical system.

In other words, f is simply the product between a Markov shift and a
translation on the d-dimensional torus. Hence (X x T?, f,IP x m) is a measure
preserving dynamical system, where m is the Lebesgue measure.

Moreover, if & € T¢ is a rationally independent frequency, then f is
ergodic (see [29, Theorem 6.1]).

4.2
Large deviations estimates

In this section we establish large deviations estimates for this base
dynamics with observables that depend on a finite number of coordinates.
This result hold in fact for all § € T¢, and it is uniform in 6.

We begin with the following lemma, which shows that for a full measure
set of points w € X, given any continuous observable ¢ : X x T? — R, the
corresponding Birkhoff averages converge uniformly in # € T¢ to the space

average.

Lemma 4.2.1 Let P be the Kolmogorov extension of (K,u) on X = XZ.
There exists a full measure set X' C X such that given any observable
¢ € CUX x T9), for all w € X' we have

with uniform convergence in 6 € T?.

Proof. Let X := supp(P). As C°(X x T?) is a separable space, it admits a
countable and dense subset {¢; : j > 1}.
Denote by

1%
d . z
B, = {(w B e X xT g&ﬁzqs] Fi(w,0)) = /XXngbjd(PXm)} .
By Theorem 2.1.1, (P x m)(B) = 1, where B = N;>1B;. If we denote
By = {w € X : (w,0) € B} then for m-almost every § € T¢ P(By) = 1.

Fix 6y € T¢ such that P(By,) = 1. By the density of {¢; : j > 1}
in CO%X x T?) and the definition of B, given w € By,, we have that for all
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¢ € C°(X x T9) and € > 0, there exists ng such that for all n > ny and for j

large enough

n—1 n—l
S (w0 — [ 6 d®xm)] < |- S 6w, ) Z%f’w@o»
i=0 " i=o

pnt o
+ E;}@(f <w’00))_/qurd¢j d(]P’xm)|+

+’/Xxwgbjd(Ime)—/XXngbd(IP’xm)‘
€L E €
=37373

IA

On the other hand,

1n—1 17 1
~ 2 o(f'(w, b)) /¢d< Z5fz(weo>>

hence, for P-almost every w, the following weak* convergence holds:

1 "= 1
*Z(sz(wgo) —Pxm. (4.1)

Consider the action of T¢ on X x T given by 0 - (w,0") = (w,0 +0).

This action induces a convolution of measure and for all ¢ € C(X x T9),

/ 6 d(Go_gy * O i) = / H(0 -+ (. 0")) dSg_gy () d6 (g (', 6)
= o((0 — 6o) - f7(w,0))
= o(f(w,9))
= / ¢ Oiw0)
that is, dg_go*01i(w,00) = Ofi(w,e) for all j > 1. Simillarly, dy_g, * (Pxm) = Pxm.

Hence, by (4.1) and the weak™ continuity of the convolution operation, for P-

almost every w and every 6 € T,

1n1 1n—1

*Z(;fz(wg *Z((Sg 90*(5f1(w90)) —)59 0o * (]P’Xm):IP’Xm

n >

Consequently, for P-almost every w, for all ¢ € C°(X xT¢) and all § € T,

X xTd

S (w0 o [ od®xm).

Now, suppose that this convergence is not uniform in § € T¢. That is, assume
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that there exist w € By,,e > 0,n; — oo and 0 € T for all k > 1 such that

nE—1

;%¢ﬂ D)= [ od®xm)

> €.

Since T? is compact, by passing to a subsequence we may assume that
0r — 0. On the other hand, by the uniform continuity of ¢ on the compact set
X x T? we have that for k large enough

deﬁw—wwﬁn<; Vo' € X.

Then, for k sufficiently large we have

nkl

=Y a0 - [

nk]O

¢d(]P’><m)‘ <

_— Z ¢(fj(w, ek)) - /X><’Ird ¢ d(]P’ X m)‘

ng—1 ng—1 |

=Y (1 (w,0)) —fZ¢fjw9k))

nkjo
3
2

(AVARRNAV/
oo M

and this contradicts the pointwise convergence for 6. [

We are now ready to state and prove the main result of this chapter, a
large deviations estimates for mixed Markov-quasiperiodic systems for observ-
ables that depend on finitely many coordinates. A related result in the case of

mixed random-quasiperiodic cocycle it may be found in [5].

Theorem 4.2.1 Let K be a uniformly ergodic Markov kernel on 32, let v be
its unique stationary measure and let P be the Kolmogorov extension of (K, )
on X = X% Let p: X x T — R be a continuous observable that depends
on a finite number of coordinates of w € X. Given any € > 0, there exist
n=n(e,¢) € Nand c = c(e,¢) > 0 such that for all € T¢ and for all n > 7,

we have

P{wexz‘inng(fj(w,e))—/XXngbd(JPXm)

J=0

> s} <e . (4.2)

Proof. Fix € > 0. Replacing ¢ by —¢, it is enough to prove just the upper
bound in (4.2), that is, for w outside an exponentially small set with respect

to the P measure and for all § € T¢, we have
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1 n—1

S (P 0) < [ odExm)te. (43)

Since ¢ is bounded, we may assume that ¢ > 0. By Lemma 4.2.1, for
P-almost every w € X, define n(w) = n(w, <) to be the first integer such that
for every § € T¢,

n(w)—1

Y e ) < [ odExm) e

n(w) =0

For each m € N, define
Upn i ={w € X :n(w) <m}
k

:G{W€X3]1€Z¢(fj(w>9))< L0 dP xm)+e VGGTd}.

The set U, is open since f and ¢ are continuous maps and T? is a
compact set. On the other hand, for every w € X, there exists m € N such that
w € U, and clearly, for all n > 1,U,, C U,y1, hence U,, / X. Consequently,
P(U,,) — P(X) = 1. Thus, there exists N = N (g, ¢) such that P(X \ Uy) < €.

For all w € Uy, we have 1 < n(w) < N and for every 6 € T?

n(w)—1

S P @) <o [ pdPxm) a1

Fix w € X. We define a sequence of indices {ny = ni(w)} and points

{wi} by the following rule:

n(wy), ifw € Uy

wi =w, and n; =
1, ifu}1¢UN

And, for £ > 1, define

n(wWit1), ifwip € Uy

n
Wpr1 = 0 *Fwg, and Ny = ]
1, if Wk+1 ¢ UN

that is, wg 1 = o™ Tk,

Let n := n(e, ¢) := Nmax{@, 1},son > N > ny. Fix any n > n. Note
that 1 < n, < N for all £ > 1. Hence, the sequence a, = Z?Zl n; is such that
ay /" oo and, consequently, there exists p € N such that

nl—i----—l—npénﬁnl—i----—i—npﬂ

that is, there exists m such that n = ny+- - -4n,+m, where 0 < m < np;; < N.
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Observe that

n—1 ni—1 ni+ngs—1
D (F(w0) =3 o(f(w0)+ > o(f(w0)+ -+
j=0 Jj=0 Jj=m
ni+--+np—1 ‘ n—1 '
>, W)+ X e (w0)
J=nit-tnp_1 Jj=ni+-+np

Denote, respectively, by S1(w, ), Sa(w,8),- -+, Sp(w, 0) and S,41(w, 0) the

p + 1 sums in the previous inequality. From (4.4), we get

ny—1

jz%¢(fj(w,9))<n1/Xde¢d(IP>><m)+n15, ifw, =we Uy

but, if w; = w ¢ Uy then ny = 1 and 51 (w, 8) = ¢p(w,0) < ||¢]lo. On the other
hand,
ni—1 ] ni—1 )
(Z ¢(f7(w,0)) +n1€) Lyy (W) < D> o(f/(w.0)) +me
j=0 Jj=0

since we assume that ¢ > 0. Hence,

S (w,0) < nl/ 6 d(P x m) + e + |8]lo - Lyvwy ).

X xTd
For the second sum, take j = n;+[ with [ = 0,...,ny—1. Thus, we can rewrite
the sum as:
nit+nas—1 ) no—1
So(w,0) = > o (w,0) =D o(S " (w,0))
j:nl =0

and we can use a simular argument as the first sum S;(w, 6). Hence,

So(w, ) < ng/

- QZS d(P X m) + Nno& + ||¢||0 . HX\UN(me) .

Indictively, for p > 1,

np—1

Sp(w, 0) = Z ¢(fj+n1+"'+np71(w’ 0))
7=0
<my [ @B xm)+ e+ Bl Ly (0" w)

and since ¢(w, ) < ||¢|lo, we have that

n—1 ) ni+--+np+m—1 A
Spa(w,0) = 3 s(f@0)= > o(fw0)<m- el
Jj=ni+-+np j=ni+-+np

<N -¢llo-
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On the other hand,

]1X\UN (wl) 4 ILX\UN (wp) = ILX\UN (w1) 4+ 4 EX\UN(0n1+...+np_1w)
p—1
<D Ty (0™ ).
k=0
Hence,
n—1 )
Z ¢(f](w’ 9)) = Sl(wa 6) +oeee At Sp<wv 9) + Sp-l—l(wv 9)
i=0
S(m—lr---—i—np)/ ddP xm)+ (ny+--+ny)e
X xTd
p—1
+18llo D Lxvuy (6™ w) + Nl|ollo
k=0
n—1 ]
<n [ 6d®xm)+nz+]ols Y Lavy(o'w) + Nl
X xTd =0
n—1
< n/ 6 d(P x m) +2nz + |6l 3 Lxuy (7w).
X xTd =0
Then, for all w € X,0 € T? and n > n,
1 n—1 ) 1 n—1 .
SO, 0) < [ dd®xm) 22+ I8l 3 Loy (oiw). (45)

It remains to estimate the Birkhoff average over the Markov shift of the
indicator function 1x\y, -

Note that since the observable ¢ depends on a finite number (say ko)
of coordinates, the set Uy is determined by k := ko + N coordinates. The
same holds for its complement X \ Uy, which is a closed set. Hence, 1x\y,
depends on k coordinates and its n-th Birkhoff average depends on n + k — 1

coordinates. Then, the function

_ 1! ,
h: X"t SR h(wg, ..., Topk2) i= - > Iy (olw)
=0
is well defined where w = {w; }jen With wo =z, ..., Wnik—2 = Tpik_2.
Observe that the function h satisfies
, 2k
|h’<x0a ey Li—1, Ty, xi-ﬁ-la CIE ;xn+k—2> - h(l‘(), ey L1, ajia xi-ﬁ-la . ;xn+k—2)|§ ;

that is, h has the bounded differences property.
A result in classical probabilities, McDiarmid’s inequality, states that

if Xi,...,X, are independent and identically distributed (i.i.d.) random
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variables and if h satisfies the bounded differences property, then for all € > 0
P{|h(X1,...,Xn) —Eh(X1,...,X,)| > e} < 2"

where ¢ > 0 depends explicitely on h. This is a generalization of the large
deviations principle, since the funtion h(z1, ..., 2,) = L(x1+- - -+a,) obviously
satisfies the bounded differences property.

It turns out that McDiarmid’s inequality also holds for dynamical with
some hyperbolicity (see [9]). In particular it holds for Markov shifts with
uniformly ergodic transition kernels. Therefore, there exists a set B, C X"+HE—1
with P(B,) < e~ where c(¢) > 0, so that if (wp, .. .,Wnir_2) & By then we
have

h(wo, .. ,wn+k,2> — /h(wo, . ,wnJrk,Q) dP < ¢.
On the other hand,

1 n—1

;} ILX\UN(ij) dP(w)

n . —

/h(t,u()7 . ’wn—l—k—Z) dP = /

= [y () dP(w)
= P(X\ Uy) < 3¢

which when combined with (4.5) implies (4.3). |
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5
Linear cocycles over Markov shifts

The main goal of this chapter is to study the continuity of the maximal
Lyapunov exponent of linear cocycles over Markov shifts (which we refer to as
Markov cocycles).

To this end, we formally introduce the concept of Markov cocycle (Section
5.1), then define the Markov operator and the stationary measure and study
their basic properties (Section 5.2). In Section 5.3 we establish the Kifer non-
random filtration for Markov cocycles, a more precise version of Oseledets
theorem in this context. As a corollary, under a generic assumption (quasi-
irreducibility), we obtain the uniform convergence of the expected value of the
finite scale directional Lyapunov exponent. This is then used in Section 5.4 to
establish the strong mixing of the Markov operator and the convergence (in
an appropriate sense) of its powers to the unique stationary measure. Finally,
in Section 5.5 we obtain the Hoélder continuity of the Lyapunov exponent via

Furstenberg’s Formula.

5.1
Description of the model

Let ¥ be a compact metric space and let F be its Borel o-algebra. Let
Prob(X) denote the space of Borel probability measures on ¥ and consider the
Wasserstein distance W; in the space Prob(X). The Kantorovich-Rubinstein

theorem characterizes the Wasserstein distance as follows:

Wi, v) = sup (/sodu—/sodV>-
v €Lip; (%)

Here Lip,(X) is the set of Lipschitz continuous functions on ¥ with Lipschitz

constant < 1. It is well known that this distance metrizes the weak* topology

(See [34]).

Definition 5.1.1 A Markov kernel is a transition map K : ¥ — Prob(X), z —
K., such that for any Borel set E € F, the function = — K,(F) is F-

measurable.
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The iterates of a Markov kernel K are defined recursively setting K! := K
and forn > 2, F € F,

Ki(E) = [ K7 (B) dE()

Each power K™ is itself a Markov kernel on (X, F).

Definition 5.1.2 A probability measure p on (X, F) is called K -stationary if

u(E) = [ K.(B)du().

for all £ € F.

The above definition means that u is stationary if p is K,-invariant on

average.

Definition 5.1.3 A Markov system is a pair (K, pu), where K is a Markov
Kernel on (X, F) and p is a K-stationary probability measure.

Let (K, i) be a Markov system. Consider the space X = N of sequences
r = {Tp}neny with z,, € ¥ for all n € N and let F© be the product o-field
FT = FN generated by the F-cylinders. In other words, F* is generated by

sets of the form
C(Eo,...,En):={re Xt :z; € E;, for0<j<m},

where Fy, ..., E,, € F are measurable sets.

Definition 5.1.4 Given any probability measure 6 on (X, F), the following

expression determines a pre-measure

PEC(Eo, ..., Em)] = /E 0 /E o A () R () dB)

on the semi-algebra of F-cylinders. By Carathéodory’s extension theorem this

pre-measures extends to a unique probability measure P on (X, FT).

Markov systems are probabilistic evolutionary models, which can also be
studied in dynamical terms. Let (K, 1) be a Markov system and X = Y% be the
set of double sided sequences. The one-sided shift is the map o: X* — X such
that o({zn}nen) = {@nt1}nen and the two-sided shift is the map o: X — X
such that o({z, }nez) = {Tni1 tnez. The two-sided shift is the natural extension
of the one-sided shift. Then there is a unique probability measure P, on (X, F)
that projects to the corresponding Kolmogorov measures on (X, F1) and we

will refer to the measure IP, as the Kolmogorov extension of the Markov system

(£, ).
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Definition 5.1.5 Given a Markov system (&, i) let P, be the Kolmogorov
extension of (K, u) on X = XN, The dynamical system (X,P,, o) is called a

Markov system.

Given x € X, we denote by P, = Pk 5,) the Markov measure on YN with
initial distribution d, and transition kernel K.

Consider a Markov system (K, 1) on a compact metric space X.

Definition 5.1.6 The following linear operator is called a Markov operator

Q) (w) = (@i /)@) = [ fly) dBs

It is easy to verify that the powers Q" of the Markov operator () satisfy
Q@)= [ F(y) AR ()
for all n > 1 and f € L*(X).

Definition 5.1.7 We say that the kernel K: ¥ — Prob(X) is wuniformly
ergodic if there exist n € N and ¢ € (0,1) such that

82 =y < e

for every wy € X, where ||| is the total variation norm on Prob(X).

This in particular implies the uniqueness (the existence is guaranteed
by general principles) of a K-stationary measure p. In this case, K} — p
uniformly in wy € ¥ relative to the total variation distance. Moreover, this is

equivalent to the following:

1@ = [ ¢ dulloe < Coll gl Vo € L2(1)

where () is the Markov operator associated with K.

A measurable function A: ¥ x ¥ — GL,,(R) induces the skew-product
dynamical system F' = Fi4): X x R™ — X x R™,

F(w,v) = (ow, A(wy, wo)v) .

That is, F'is a linear cocycle over the base dynamics (X, Pk ), o), where
the fiber dynamics is induced by the map A. We refer to such a dynamical

system as a Markov cocycle.
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Its iterates are given by
F'(w,v) = (6"w, A"(w)v),
where for w = {wy, }nez € X,
A (w) = A(wn, wn—1) -+ - A(wa, wr) A(wy, wp) -

We identify the cocycle Fiu k) with the pair (A, K) and denote the
corresponding Lyapunov exponents by Li(A, K),..., L,(A, K). A natural
question regards their dependence on the input data. In other words, what
is the regularity of the map (A, K) — L;(A, K)?

In order to addres this question, let us introduce an appropriate space of
cocycles and its topology.

Define the projective cocycle F: &N x P(R™) — £N x P(R™) by

A

F(w,ﬁ) = (ow, A(wy,wp)0),

where 0 € P(R™) is the projective point corresponding to a vector v € R"\{0}.

Consider the set of Markov cocycles

C:={(4,K): A: ¥ x 3 — GL,,(R) is Lipschitz continuous and
K: ¥ — Prob(Y) is uniformly ergodic and

continuous in the weak™ topology}.
This set is naturally endowed with a metric as follows:
d((A, K), (B, L)) := max{dw (4, B), dw, (K, L)},
where if A, B € Lip(X x 3, GL,,(R)) are two Lipschitz continuous fiber maps,

doo(A, B) = sup_[|Afwo,w1) — Blwo,wn)|

wo,w1EX

and the distance between two Markov kernels K, L: ¥ — Prob(X)

dw, (K, L) := sup W1 (Kuywy, L),

WOEL

where W; is the Wasserstein distance in the space of probability measures
Prob(%).
Let Gr(R™) denote the set of all linear subspaces of R™.

Definition 5.1.8 A measurable section V': ¥ — Gr(R™) is called A-invariant
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when

Alwp—1,wn)V(wp—1) = V(w,), forP-ae w={wlez € X

We say that a section V': ¥ — Gr(R™) is proper if V(wy) € R™ for every
wp € 2.

Definition 5.1.9 A Markov cocycle A is called quasi-irreducible w.r.t. (K, u)
if there exists no measurable proper A-invariant section V': ¥ — Gr(R™) such
that L|V(w0) < Ll(A,K),va € .

We are ready to formulate the main result of this chapter.

Theorem 5.1.1 Let (A, K) € (C,d). Assume that:

(i) A is quasi irreducible with respect to (K, u),
(ii) Li(A, K) > Ly(A, K).

Then there exists a neighborhood V' of (A, K) in (C, d) where the map (A, K)
Li(A, K) is Holder continuous.

This result extends [10, Theorem 5.1], where it was established the Holder
continuity of the Lyapunov exponents with respect to the fiber map A. In the
present work we also allow the transition kernel K to vary, and prove the
joint Holder continuity in (A, K) of the exponents. Moreover, the approach
used in this thesis is different from the one in [10] (which first establishes
uniform large deviations type estimates for the cocycle and then deduces the
Holder continuity of the exponents from an abstract continuity theorem). The
advantage of the method employed here, besides being more straightforward,
is that it provides a more explicit, computable, value of the Holder exponent.

In the case when the space ¥ of symbols is finite, that is, when the base
dynamics is a sub-shift of finite type, there are other results available. Fixing
any fiber map, the maximal Lyapunov exponent depends analytically on the
transition probabilities, see [28]. This suggests that in our more general setting,
the regularity with respect to the transition kernel K might be much higher.
Moreover, the continuity of the Lyapunov exponent (but without a modulus
of continuity) was established in [25] without any irreducibility assumption,
assuming that the fiber dynamics is two dimensional and depends on only one
coordinate.

All of these results, including the one in this work, are in part inspired by
the seminal works of Furstenberg and Kifer [13], Le Page [24] and Peres [27].
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5.2
Stationary Measures

Let ¥ be a compact metric space and let (K, ) be the Markov system.
Let A: ¥ x ¥ — GL,,(R) be a fiber map, which together with kernel K defines
the Markov cocycle F(4 k). We associate to this linear cocycle the Markov
kernel K: ¥ x ¥ x P(R™) — Prob(Z x ¥ x P(R™)) given by

K (w1, wo, D) = Koy X 8y, Awr wo)p)- (5.1)

The Markov operator corresponding to this transition kernel is defined
by
(Q¢)(W17woa /1/1 Wa, W1, (wao) p) dK,,, (w2)

for every ¢ € C°(X x ¥ x P(R™)).
Similarly, define the Markov kernel K4: ¥ x P(R™) — Prob(X x P(R™))
by
Kalwo 5)() = Kuo() X [ 8K, (@)

A(w1,wo0)p
and consider the corresponding Markov operator (4 k) defined, for every
¢ € C°(X x P(R™)), by

(Quarey®)(wos / dwr, Alwr, wo)p) dK oy (wr). (5.2)

Moreover, we introduce a projection IT : C%(3 x X x P(R™)) — C%(X x
P(R™)):
M (a0,9) = [ (e, w0, ) dRon(1).
The following lemma relates these two Markov operators.
Lemma 5.2.1 With the notations above, we have Il o Q = Q) o1l

Proof. Given any 1 € C°(2 x ¥ x P(R™)), a direct computation shows that
Qa.x) © IIp(wo, p) = /H@b(wl,fl(u}l,wo)ﬁ) ARy (w1)
= [ [ lenin, Alwr, wo)p) die, (ws) Ay ().
On the other hand,
I o Q4 (wo, P) /QSO (Wi, wo, P) dEuy(wr)
= //1/) Wa, W1, A(W1, WO)p> del (w2> dKWO(Wl)J

proving that 1o Q = Q4.x) o IL. |
We denote by Probg (X x X xP(R™)) and Probg (X xP(R™)), respectively,

the convex and compact (since 3 is compact) subspace of all K-stationary
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probability measures on ¥ x X X P(R™) and K 4-stationary probability measure
on ¥ x P(R™).

The following proposition ensures the existence of a ()-stationary proba-
bility measure in Prob(X x P(R™)), given a Q-stationary probability measure
in Prob(X x ¥ x P(R™)).

Proposition 5.2.1 Given m € Probg(X x X x P(R™)), there evists a unique
probability measure n € Prob(X x P(R™)) such that m = K x n, that is, for
every ¢ € C(X x X x P(R™)),

/w(wl,wg,@) dm (wi, wo, B) = /w(wl,wo,@) K, (w1) dn(wo, 9).
Moreover, n is a Q-stationary probability measure.

Proof. Let m € Probg (X x £ xP(R™)). Note that if 11,1, € C(Xx X xP(R™))
are such that Il = Iy then [¢ydm = [ydm. In fact, suppose that
)y (x, §) = Hape(x, §) for every (x,q) € ¥ x P(R™) then

/¢1($2,$17@) del(xz) = /¢2($2,$17QA) de(@)a ‘v’(xl,(j) € XX P<Rm)
= /¢1($2,$1,A($1,I0)]§) de1($2) = /"Lpg(ﬂfg,xl,z@(ﬂfl,xo)ﬁ) del(IQ)
@/QQﬂl(l'l,l’oaﬁ) dm(xlax(]?ﬁ) :/QwZ(thOaﬁ) dm(xlwx()aﬁ)

<~ /%(9517%0715) dm(x1,xo,p) = /%(331,1’07]5) dm@l,xo,ﬁ)»v-’fﬂoﬂl,ﬁ-

By Riesz-Markov-Katutani’s theorem, there exists a unique probability mea-
sure 77 in Prob(32 x P(R™)) such that for every ¢» € C'(X x ¥ x P(R™)),

/wdm:/¢dn, where ¢ = [1 o).
In other words,
/@b(wl,wo,@) dm = /@D(wl,wo,@) d K, (w1)dn(wo, v).

Moreover, let 1) € C(X x ¥ x P(R™)) and ¢ € C(3 x P(R™)) such that
¢ = II o 4. By the definition of 1 and since m is a Q-stationary probability
measure on % x % x P(R™), it follows that

(@) = (o, n) = (¥, m) = (¥, m) = (Qv,m).
On the other hand,

(6, Q™) = (Qd,1) = (Q(IT o ¥),n) = (Lo Qv n) = (Qv,m).
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Then,
(¢,m) = (0,Q"n)

and consequently, 7 is a Q-stationary probability measure on ¥ x P(R™). B

The converse of the previous proposition is also true, so there is a
one-to-one correspondence between K -stationary measures and K 4-stationary
measures. Thus certain properties of the Markov operator () can easily be
transferred to Q.

Consider the projection mp;: XN x P(R™) — ¥ x ¥ x P(R™),
To1(w, 0) = (w1, wo, D)

for w = {wp }neny € XN

Proposition 5.2.2 Givenn € Probg(X xP(R™)), there exists an F-invariant
probability measure 7j in Prob(XY x P(R™)) such that (71«7 = 1.

Proof. Let ¢ € C(XN x P(R™)) and define 7 € Prob(XN x P(R™)) such that
/ D(w,d) dij(w, D) == / D(w, D) APy () dn(wo, D) (5.3)

Observe that (mo1 ). = 7. In fact, let Ay x B € & x P(R™) be a cilinder.
Then,

f(r(Ay x B)) = / 1t a0y (0, 9) dif(0, )
= / ]12><A0><E~-~><B(wvﬁ) deO(UJ) dn<°}07@)
= [ Lpyepw, ) di(eo, 9)

= T}(AO X B)

Moreover, 7 is an F-invariant probability measure on XN x P(R™). In fact,

since 1 € Probg (X x P(R™)), for every ¢ € C(ZN x P(R™)),

/pr(Rm) P(wo, V) dn(wo, 0) = / (Q)(wo, D) dn(wo, D)

DxP(R™)

= fone [ #lewr, Alwr,w0)0) Aoy (w1) dnfan, 9).
Hence, given ¢ € C(XN x P(R™))
[ 0w, 9) dif(w,8) = [ 0w, ) dPuy (w) (o, 0)

= /Q (/w(w,@) dIP’wO(w)> dn(wo, 0)
- /(¢ o F)(w, d) dij(w, d)
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proving that 7 is an F-invariant probability measure on XN x P(R™). [

Definition 5.2.1 An observable ¢ € L (X x P(R™)) is called n-stationary if
Qo(xz,0) = ¢(z,0) for n-almost every (z,0).

Definition 5.2.2 A Borel set F' C ¥ x P(R™) is n-stationary if the indicator

function 1p is n-stationary. That is, F' is an n-stationary set if and only if

for n-almost every (wo, v) we have (wy, A(wy,wp)0) € F, for K, -almost every
wp € 2.

The following proposition proves that the probability 7 is an extremal
point of Probg(X x P(R™)) if and only if 7 (defined by formula (5.3) is an

F -ergodic probability measure.

Proposition 5.2.3 Givenn € Probg(XxP(R™)), the following are equivalent

(1) m is an extremal point of Probg(X x P(R™))
(ii) If F C ¥ x P(R™) is an n-stationary set then n(F) =0 orn(F) =1
(1i7) If ¢ € L>®(X x P(R™)) is an n-stationary function then ¢ is a constant
function n-almost everywhere

(iv) The system (SN x P(R™), F, 7)) is ergodic.

Proof. We first prove that (i) implies (ii).

Let n be an extremal point of Probg(X x P(R™)) and assume, by
contradiction, that there exists an n-stationary subset /' C ¥ x P(R™) such
that ¢ := n(F) € (0,1). Then, the same holds for F© := (¥ x P(R™))\ F, that
is, F'© is an n-stationary subset and n(F¢) =1—t € (0,1).

Let nr and npc be probability measures on ¥ x P(R™)) such that

n(ENF)
n(r)

n(E N FO)

and npc(E) = (F0)

nr(E) =

Observe that ng # npc since np(F) = 1 and npc(F) = 0. Moreover,

n = tnp + (1 — t)npc. So if we show that nrp and npc are @-stationary

probability measures, we get a contradiction with 1 being an extremal point
of Probg(X x P(R™)).

Since the indicator function 1z is an n-stationary function and 7 is a

()-stationary probability measure, we have that for every ¢ € C'(X x P(R™)),
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1
/E . Q6 dnp = —— / Q¢ dn
/ / d(wy, A wl,wo) ) dK y (w1) dn(wo, D)

- n(ﬁ’)/EXP R™) /Qb A<w17w0> )]lF(WO, )deo(wl) dn(wo,@)
1

— T/(F')_/EXIP(RT”)/Zgb(WI’A(wth)@)ﬂF(WLA<WO’WI)@) deO(Wl) dn(wo’{)>

N 77(1F) /EXIF’(Rm /(¢|F)( (wbwﬂ) ) dK o (w1) dn(wy, 0)

1

= 5 Jongny @01 0 9) i, )

1

N 77(F)/2x1@(Rm)(¢|F)(WOv 0) dn(wo. 0)

= 5 [, 0len.) dnten.

= ¢ dnp
SxP(R™)

and then ng is an @-stationary probability measure. Analogously, nrc is also
(Q-stationary and this contradicts the hypothesis that n is an extremal point
of Probg(X x P(R™)).

Now, we will prove that (ii) implies (iii).

Consider the linear subspace
V :={¢ € L=(X x P(R™)) : ¢ is an n-stationary function}.

Note that V is a lattice. In fact, take ¢ € V. Since 1 is )-stationary,

[(@lel —16l) dn = [ @il dn— [ 1] dn=o. (5.4)

On the other hand, since ¢ € V,
| (w07 )| - |Q¢(w07 )|
A(wy, wo)d) dK 4, (w:)

< /E [9fwr, Alwor,0)0)] ARy (w2)
= Q|¢|(wo, D)

for n-almost every (wp, ©). That is,
Q|o| — |¢| >0, n-almost everywhere. (5.5)

Combining (5.4) and (5.5), we conclude that Q|¢| = |¢| for n-almost


DBD
PUC-Rio - Certificação Digital Nº 1821096/CA


PUC-Rio- CertificagaoDigital N° 1821096/CA

Chapter 5. Linear cocycles over Markov shifts 70

surely. Then |¢| € V and this proves that V is a lattice. Moreover, if ¢, 1 € V
then max{¢, ¢} € V.

Fix ¢ € R and consider the sub-level set

E ={(z,0) : ¢(z,0) < c}.

To prove that (ii) implies (iii) it is enough to show that E is an 7-stationary
set. Then, by hypothesis, n(E) = 0 or n(E) = 1 for all ¢ € R, proving that ¢
is constant n-almost everywhere.

Let ¢p(x, ) = min{l,n-max{c—¢(x,0),0}}. Since ¢ € V and 1 € V, we
have that ¢, € V. Clearly, ¢,, = 1g as n — oo then Q¢, — Q1lg as n — oo.
On the other hand, ¢, = Q¢,, for n-almost everywhere and since ¢, — 1g, it
follows that Q1g = 1g, n-almost surely and then the indicator function 1 is
n-stationary.

Suppose now that (iii) is true. We will prove that 77 is an F—ergodic
probability measure. Let ¢ € L®(ZN x P(R™)) such that ¢ o F' = 1), f-almost
everywhere. It is enough to prove that 1 is a constant function 7-almost surely.

Consider ¢ : ¥ x P(R™) — R such that

(w0, 9) /wwvd]P’()

We claim that ¢ is constant n-almost everywhere. For this, we show that ¢ is

an 7-stationary function. Since v o F= ¥, n-almost surely,

B, ) = [ olwn, Alwr,w0)0) (1)
= [ [ 0w wn, Afwr,w0)0) dP(w) dKe (w1)
= [ ¥low, Alwr,w0)0) dP(w)
o Fw, 1) dP(w)
= [, ¥(.) dP(w) = §(w0,0), 7-almost every (w, ).

Then, there exists ¢ € R such that ¢(wg, 0) = ¢, n-almost every (wp, 0). Left
to show that ¢ does not depend on w = (wp,w1,...,wk,...). Fix k > 1, it is
enough to show that v is constant in (wp, w1, ..., Wk 1)

Since 1) is Ia -invariant, we have that ¢ = 1o F* for n-almost everywhere.

Hence,

[ ¥wntnen. 0) AR (@) = [0 (w), A4w)0) dP(w)
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Then, ¢ is constant in (wp,...,wk_1,...) and then is constant in (w,?), 7-
almost every (w, ).

It remains to proof that (iv) implies (i). Assume by contradiction that
n is not an extremal point of Probg(X x P(R™)). Then, there exist ¢t € (0,1)
and 71,72 € Probg(X x P(R™)) such that

n=tn + (1 —1)n.

Then, 77 = ti; + (1 — t)72. In other words, 7 is not an extremal point and,

consequently, 77 is not an ergodic probability measure. |

5.3
Kifer non-random filtration

For measure preserving dynamical systems, the Oseledets multiplicative
ergodic theorem improves the Furstenberg-Kesten theorem in that it provides
exponential rates of convergence of the iterates A™(w) of the cocycle A along
all directions. Kifer [20] improved the Oseledets theorem in the setting of
random cocycles (i.e. linear cocycles over a Bernoulli shift) by proving the
existence of an invariant filtration that does not depend on the base point,
thus it is non-random. The main goal of this section is to derive a version of
this result in the context of Markov cocycles. For this, we follow the argument
presented in [4]. For another arguments providing a more complete version of
this result, see [8]. Moreover, assuming the quasi-irreducibility of the cocycle
we derive a Furstenberg-type formula and eventually the uniform convergence
of the expected value of the finite scale Lyapunov exponent.

Given (K, ) a Markov system, consider the continuous observable ¢ : 3
Y x P(R™) — R defined by

Y(y, r,0) = log | Ay, x)v| (5.6)

where v is any unit vector representing the projective point 0. The observable
¥ extends naturally to a function ¢: XN x P(R™) — R such that ¥ =1 o

Consider the continuous linear functional «: Probg(X x P(R™)) — R
defined by

a(n) = /EXZXP(RM)MWC,@) A (y)dn(z, D)
and define
B = max{a(n) : n € Probg(X x P(R™))}.

Theorem 5.3.1 Let (X, K,pu) be a Markov system and let A: ¥ X ¥ —
GL,,(R) be a fiber map. Then
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(i) Given any (wo,v) € ¥ x P(R™),
_ 1
hmsupﬁlog |A" (w)v|| < B

for P, -almost every w € XN,

(ii) If the functional o is constant, then
1
fim L 10g .47 ()0 = 5

for P,-almost every w € XN,

(iii) For P, -almost every w € XN,
1 n
tim L 1og 47w = 5.

In particular,

Ll(Av K) = 6 = ¢(y7$ﬂ7) de(y)dn@:?ﬁ)

UXExP(R™)
which is a version of Furstenberg’s formula in this setting.

Proof. Let M = ¥ x ¥ x P(R™) and let K: M — Prob(M) be the kernel
defined in (5.1) and let ¢ € C°(M) be the continuous observable defined in
(5.6).

For each v € R?\ {0} consider a Markov chain Z%: ¥N — M with
transition kernel K, defined by

Z(w) i= (W1, W, A(w)D).

Items (i) and (ii) follow applying Theorem 2.6.4 and Theorem 2.6.5
respectively.
Let us now prove (iii). By Furstenberg-Kesten’s Theorem, the following

limit exists for P-almost every w € XN
1 n
fim L 10g .4() | = L ().
Fixing a basis {ej,...,e,} of R™ define the matrix norm

— .
ol = mas llge]
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The set of maximizing measures

M :={n € Probg(X x P(R™)) : a(n) = 5}

is a non-empty compact convex set. By Krein-Milman Theorem there exists
an extremal point 1 of M and then this measure is also an extremal point
of Probg(X x P(R™)). By proposition 5.2.3, 7 is an Ey-ergodic probability
measure. Thus, by Birkhoff Ergodic Theorem (Theorem 2.1.1), for 7-almost
every (w,?) € XN x P(R™),

B=aln = [ b(ar, 20,0) Koy (1) dna, )
EXExP(R™)
_ /E oy P 0) 4, 0)

= hm—zw (F9 (w, D))

n—oo n

1
= lim —log || A™(w)v]|

n—oo n,
: 1 n . 1 n /
< Jim ~log [|4"(w)| = lim ~log [ 4" ()]

1
= max lim —log ||A"(w)e;]| < 5.

1<i<dn—oo n

This proves (iii). [
We are ready to state and prove a version of Kifer’s non random filtration

theorem for Markov cocycles.

Theorem 5.3.2 Given a Markov cocycle (A, K), there are numbers Py, 51 € R
and an A-invariant section L1: ¥ — Gr(R™) such that L1(wo) € R™ and for
every v € R™\ L(wp)

1 n
hmﬁlog |A™ (w)v|| = Bo

while if v € L1 (wo)
1
lim — log [|A™ (w)v|| < By .
n

Moreover, the numbers By and By are exactly the first and the second Lyapunov

exponents.

Proof. Consider the Markov chain {(w,, A™(w)v) }neny on XN x R™. Recall that
AM(w) = A(wn,wn_1) 0+ - A(wa,wy) o A(wr, wp).

Let d(,») be the initial distribution and denote by R the kernel of this

Markov chain.
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By Theorem 2.6.1, there exists a measure m on
F ={g: ¥ x GL4(R) = £ x GL4(R) : g is a Borel map}

such that
Ry (E) =m{g e F:g(x,M) € E}.

Let g1,92,...,9n,... € F be independent and identically distributed
maps relative to m. For every w € ¥ and n > 1 consider f,: ¥ — ¥ and
Jn: 3 — GLg(R) such that g,(wo,Id) := (fn(wo), Ju(wo)). Define fO(wp) = wo,
J%(wp) = Id and for every n > 1,

fr=faoo

M (w) = Ju(f" Hwo)) Jue1 (f" 2 (wo)) - -+ Jo(f (wo)) J1 (wo) -

The sequence {(f"(wo), J"(wp)),n € N} is a version of the Markov
chain (w,, A"(w)). In fact, let F(n) be the o-algebra generated by
{(fP(wo), JP(wo)),p < n}. Take y = f"(wo) and M = J"(wp). If A is a

borel subset of ¥ and B is a borelian subset of C, we have

E((f"(x), /" (2)) € A x BIF(n)) = P(fas1(y) € A, Jus1(y)M € B)
=P(gp1(y,Id) € Ax BM™)
=m{g:g(y,1d) € A x BM'}
= Ry a)(Ax BM™)
= Ry (A X B).

Define F,,: ¥ x R4 — 3 x R? such that

Fo(z,v) = (fa(2), Jn(z)v).

Note that F}, are independent and identically distributed maps and given any
initial (wg,v) € ¥ x RY, the Markov chain F, o --- o Fj(wp,v) in ¥ x R? is
a version of the Markov chain (w,, A"(w)v) with the same initial distribution
O(wo )
To conclude the proof apply Theorem 2.6.3 to the Markov chain F,,. W
An immediate consequence of the quasi-irreducibility condition (Defini-

tion 5.1.9) is the following:

Corollary 5.3.3 Assume that A is quasi-irreducible. Then the non-random

filtration is trivial, that is, Li(wy) = {0} for every wy € X. In particular,
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a(n) = B = Li1(A,K) for all n € Probg(X x P(R™)), so the functional o is

constant.

Proof. Assume by contradiction that the non-random filtration is not trivial.
Then Lq(wo) # {0} for all wy € X. Moreover, £; is A-invariant and if
v e L(wo)

lim — log||A”( ol < 51 < Po

for P, -almost every w € EN. Contradicting the quasi-irreducibility of A.
This proves the non-random filtration is trivial. By item (iii) of Theorem
2.6.3, we have

1
an) =py=p=L1(A) = Jim. - log || A™(w)]| , Pyy-a.e.w € XN

for all  that is an extremal point of Probg(X x P(R™)). By Krein-Milman and
the linearity of «(+), the result follows. |
The following theorem ensures the uniform convergence of the expected

value in wy.

Theorem 5.3.4 Let A be a Markov cocycle over a Markov system (K, )
such that A and A™' are both measurable. If A is quasi-irreducible and
Ll(A7K) > LQ(A, K) then

1
lim ]EWO(log HA(” (w)v|]) = L1(A, K),

n—oo
with uniform convergence in (wo,d) € ¥ x S™~1L.

Proof. Since A is quasi-irreducible, by Corollary 5.3.3 and the Lebesgue
dominated convergence theorem, we have the pointwise convergence:

. 1 n
lim E,, (= log [ A (w)oll) = L1(4) (57)

n

for every (wp,d) € 3 x S™~L.
Assume first by contradiction that fixing wy € 3, the convergence in ¥ is

not uniform. Then there exist § > 0 and a sequence {v, }neny € S™! such that

B <1log ||A(")(w)vn||> _ LI(A,K)’ >5, VEk> L.
n
Since

., (- log A" w)u ) <

<K, <nlog 1A ”)(w)||> S LA K) < Li(AK) + 2
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we have that for n < N with N large enough, it can not happen that
1 (n)
By (- 1og 1A (@)oal) 2 Li(A, ) + 6
Thus we only need to consider the case with
1 (n)
By (08 4™ @)enll) < 244, K) = 5.
n

We are going to prove that this cannot happen either. First, we claim that

A?’L

il Ty =A@ >0

for P,-almost every w € XN
Note that

[A™ (@)va |

v, - 5™ v - (%)
AW 2 [on - 0" (A)] = | (A)l

where 9 (A)(w) € S™! is the most expanding direction of the n-th iterate
of A™(w) and (> (A)(w) is such that 2 (A4)(w) — () (A)(w).

On the other hand, 7(®)(A)* is the sum of all invariant subspaces in the
Osedelets decomposition associated with Lyapunov exponents < L;(A, K).

Then, the quasi-irreducibility implies that

tim inf 10l
[ A (w)]
IP,-almost surely. Therefore,
[ A™ (w)n |
log 0
[ A (w)]

almost surely as n — oo. Using the Dominated Convergence Theorem

1 1 1 | A" (w)va|
lim —E, [log || A" (w)v,]||]] = lim —E, [log ||A"(w)]|] + lim —E,, [log
E, flog | 4"(w)un] = lim . flog | 4°(w) ] + lim ~E, log 1=

- Ll(A,K> + 0 = Ll(A, K)
which establishes the claim and proves that the limit
o1
lim ~E,, (log [|A™ (w)v]|) = Li(A, K),
n—00 7

is uniform in ¥ € S™ ! when wy € ¥ is fixed.
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Now it remains to prove that the previous limit is uniform in both (wg, ).
For every M € GL,,(R), consider

X(M) = sup{log | M|, log || M|~}
and define g,: XN — R such that

gn(w) = gn(wo)
= sup {’iEwo(log |A™ (W)v||) = Li(A, K)| v e S™ L w={w,} € ZN} .

Since —x(M) < log||Mu|| < x(M) for every u € S™ 1, the sequence g, is

uniformly bounded and
|gn(w)| < iEwo(X(A(")(W)) +[L1(A, K)|.
Moreover, by (5.7), gn(w) — 0 when n — oo for P -a.e. w € XN, Hence,
JLIEO/Q"W) dP,(w) = 0.

Let p € N such that p < n and consider

_ AP(w)v
AP (w)vl|

Up
Then

B (log A @)el) - Li(4, )| <
n

IN

1 1
B (log AP (7)ol — Li(A K| + | By (log AP (w)o])

B (s (g AT (w)upl)) = La(4, K| + 2 Be (A ()

IN

IN

1
E., (n — pIEwp(log |AC=P (P, ||) — Li(A, K)) + %(|L1(A, K)|+a).
Hence,
p
In(w) < Bug(gn—p(f'w)) + —(IL1(A, K)[ +a).
Since K is uniformly ergodic, there exists a sequence €(p), where €(p) — 0

when p — oo, such that

sup
wWoEX

[ 9ns®) AKZ, ) = [ 9u-sly) APy ()] < €p)

for every n.
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Then, for every p,

lim sup g,(wo) < hm /gn _p(y) dKP ( )+ e(p) < e(p),

n—oo wo =)

and this concludes the proof. [ |

54
Strong Mixing of the Markov Operator

In this section we show that the Markov operator Q(4k) acts as a
contraction on an appropriate space of observables.

Consider on the projective space P(R™) the distance

e Al
<7>_ 9
Ipllllqll

where p and ¢ are representatives of p and § respectively.
Given 0 < a < land ¢ € L (X xP(R™)), we define the Holder seminorm

Vo by:
_ |9(wo, D) — ¢(wo, §)]
%W%—ig 5(5.0)° ;

Definition 5.4.1 The space of a-Holder continuous functions on P(R™) is

given by
Ho(X X P(R™)) :={¢p € L=(X x P(R™)) : v4(¢) < 00} .
The Holder norm || - ||, on this space is defined by

[6lla = l¢lloc + val®)-

Moreover, consider the average Holder constant:

6(‘/21(("}1’ wO)ﬁ) A(wla wo)q\)a
ko(A, K) = su —— dK ,,(w1).
(4, %) @§ 5(p,q)° )
pP7q

Let Qar: COZ x P(R™)) — C°X x P(R™)) be the Markov operator
defined in (5.2). Namely,

Q@) (w0, D) = [ 6w, Alwr,w0)p) Aoy (1)

for every ¢ € C°(X x P(R™)).
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Proposition 5.4.1 For all ¢ € H(X x P(R™)),
Ua(QA,K(¢)) S Ua(¢>ka(A> K)

Proof. Given ¢ € H,(X x P(R™)) and p,§ € ¥ x P(R™),

5(p, ) -
S e, Alwr,w0)p) — dlwn, Alwr, wo)q) dBoy(wn)
N 5(p, 4)
d(wi, A(wr, wo)p) — dwi, Alwr, wo)d)
</ ‘ 5(p, )" W)
§(A(wy, wo)p, Awr, wo)g)®
< va(0) / A ggjj e D 4k, ()

Now, taking the supremum in wy € ¥ and p # § € P(R™) on both sides we
conclude the proof. [ |

Proposition 5.4.2 The sequence {ko(A™, K™)},, is sub-multiplicative:

ko (A™F" K™Y < ko (A", K™ - ko (A™, K™).

Proof. By definition,

O(A™ (w)p, A (w) )"

ko (A™T™ K™™) = su . AK™ ™ (Wi, wa, . .., Wintn
( ) e 5(p, 4)~ o (2 #n)
P#q
< Eko(A™ K" - ko(A™, K™)
and then, the sequence {k, (A", K™)}, is sub-multiplicative. |

Recall that we consider the metric space (C, d), where

C:={(A,K): A: ¥ x 3 — GL,,(R) is Lipschitz continuous and
K: ¥ — Prob(X) is uniformly ergodic and

continuous in the weak™ topology.}
is the set of Markov cocycles and d is the metric defined as follows:

d((A,K), (B, L)) := max{ds (A, B),dw, (K, L)},

Proposition 5.4.3 Fizn € N. The map C 35 (A, K) — (A", K™) is Lipschitz

with respect to the metric d.
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Proof. Note that the linear map A — A™ is Lipschitz with constant C'(n) that
depends on n but not on the kernel. Moreover, we claim that the map K — K™

is also Lipschitz with constant n: for every Markov kernel L: ¥ — Prob(%),

ARA L) = sup | [ ) U, (w2) = L2, (w2)

wWoEX
p€Lip (¥)
= s | [ o) B (@)dBuy 1) = [ () Loy (2)dLun(w2)
peitn, (%)
< o | [ ) B ()dKoo) = [ olen) B (@a)da )|+
wo€E
#€Lip, ()

| [ ) A o)L ) = [ p(en) dLuy (@)L (o)

< 2d(K, L).

The proof of the claim follows by induction. Hence, the joint map (A4, K) —

(A™, K™) is Lipschitz with constant the maximum between C(n) and n. W

Lemma 5.4.1 Given a pair (A, K) € (C,d), then for all o > 0,

ko(A, K) < sup 2(SI(A(“”’”O))@@(“““O)))a A, (1),

; i 2
s, A, wo)pl

where s1(-) and sy(-) are the first and second singular values.

Proof. Tt is enough to prove that given a > 0 and two points p,§ € P(R™), we

have

lé(fi(w)ﬁ,A(w)a)]Q|sl<A<w>>52<A<w>>|a L
5(p, ) = 2 Ty " TAw)gP

for every wqy € X.
In fact, if we integrate with respect to the measure K, and take the
supremum in p # ¢ on both sides of this inequality, we conclude the lemma.

By the definition of the projective distance,

A A

[5(14(@15,14(00)@)]& _ [I\A(wlawo)p A A(wlva)QHr [ p[[1lll

(P, q) [ A(w)pll[[A(w)qll [llp A qll
On the other hand, by the exterior product property,

r . (5.8)

[[A(wr, wo)p A Alwr, wo)gll = |s1(A(wr, wo))sa(A(wr, wo))lllp A gll-

which when combined with (5.8), we have
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l&fi(w)]]z,fi(w)@)r _ llsl(A(W))Sz(A(w))lr

5(p, ) [A(w)pll|Alw)ql
< Is1(AW))sa(Alw))* l L1
B 2 [A()pl]P*  [[Aw)qlf>
since the geometric mean is less or equal than the arithmetic mean. [

Proposition 5.4.4 Let (A, K) € (C,d). Assume that

(i) A is quasi irreducible with respect to (K, ),
(ii) Li(A, K) > Ly(A, K).

Then, there are numbers § > 0,0 < a <1,0< 0o <1 andn € N such that for
all (B, L) € (C,d) with d((B,L),(A,K)) < § one has ko(B™, L") < 0.

Proof. By theorem 5.3.4, given (A, K) € (C, d) satisfying assumptions (i) and

(ii), we have
1
lim ~E,,(log A" (w)v]|?) = =2Li(A, K),
n—00 7,

with uniform convergence in (wp,9) € ¥ x S,
Hence, by choosing € small enough e.g $(Li(A, K) — Ly(A,K)) and n

sufficiently large, we conclude that for all (wp,v) € ¥ x S™~!
By (log [ A @)0]|72) < n(=2L1(A, K) + ).
Let Ay A denote its corresponding second exterior power. Note that
[Ao M| = s1(A2M) = 51(M) - 52(M)

for every M € GL,,(R). So in particular, Li(AsA) = Li(A) + Lo(A).
Applying Theorem 5.3.1 to the cocycle Ay A, we get that for every wy € X

and for P, -almost every w € XN,
1 n
- log ||A2A™ (w)|| = L1(A2A).
By dominated convergence,

. 1 .
lim B, (n log || Az A )(w)||) s Li(AsA),

n—oo

this shows that

lim E,, (; log 51(A™(w)) - SQ(AH(W))) S LA K) + La(A, K)

n—o0
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So for n large enough
1
E., (n log slsQ(A"(w))) < L1(AK)+ Ly(AK) + ¢

Since Lq(A, K) > Ly(A, K), for n sufficiently large,

51(A™ (w))52(A™ (w))

< -1
A (w)v]|?

— I

E., log [ (5.9)

for all (wp,d) € 3 x S™1.
By the inequality e* < 14+x+ %em, we conclude that for every v € S™1

and every wy € 3,

51 (A @) 52 (AN _ ([l (A (@) ls2(A™ )]]°
AT (w)ol? 1‘]&’0 p<1gl A0 (@)o]? D

E.,

<1+E., [a log, '81<A<"><w>>||s2<A<"><w>>|1 s

[A®) @)l
n n alog |s (n) w))s (n) w

2 151 (A (@) |2 A ()] el s 4D
AT (w)vl]?

2
+E,, [O; log

2
§1—&+C%:

Note that C' is a constant that depends only on (A, K) and n. Thus, we can

choose a small enough such that

07

[51(A™ (w))[s2(A™ @) _

E,
i [ IA®) (W)l

Hence, by Lemma 5.4.1,

[0}

51 (A" () [ 52(A®) )]
< <1
ol B s e EwoeXp“(’g[ [ w)ol? =
PEPR™)

Moreover, k, (A, K) depends continuously on (A, K) and, by proposition 5.4.3,
the map (A4, K) ~ (A™ K™) is Lipschitz, therefore we can extend the result
to a neighborhood of (A, K). [

Let (&, ]‘]l¢) be a Banach space where & C C°(M) is Q-invariant in
the sense that ¢ € € if, and only if, Q¢ € €. Moreover, we assume that the
constant function 1 € € and that the inclusion of & C C°(M) is continuous,
namely ||| < C |||, for some constant C; < co. We also assume that @)
is bounded (or continuous) on (&, ||-||¢), i-e. [|Qplls < Ca||¢]l, with Cy < oo.

In practice we will have C; = Cy = 1.


DBD
PUC-Rio - Certificação Digital Nº 1821096/CA


PUC-Rio- CertificagaoDigital N° 1821096/CA

Chapter 5. Linear cocycles over Markov shifts 83

Definition 5.4.2 (Strong mixing) Let (M,K,v) be an abstract Markov
system and let Q: C°(M) — C°(M),

(Q0)(@) = [ ly) da(y)

be the associated Markov operator. Let (&, | - ||e) be a Banach space as above.
We say that Q is strongly mixing on & if there are C' < oo and o € (0,1) such
that for alln € N and p € €,

o= [ wdu| <ol

Note that for the Markov system (X, K, u) that generates the base
dynamics, by assumption, we have K — p uniformly in wy € ¥, which

is equivalent to the following:

Qo= [ | <com el
M 1%

for some C' < co and 0 < o < 1.

Thus @ is strongly mixing on L*(u) (this is strongest form of strong
mixing).

We will prove that the Markov operator ()4 k), corresponding to the
Markov cocycle (A, K), is strongly mixing on the space of Holder functions
Hao(E x P(R™)). Indeed, this holds in a neighborhood of A as shown by the

following theorem.

Theorem 5.4.5 Given (A, K) € (C,d) such that the assumptions of proposi-
tion 5.4.4 are satisfied, there exist constants C' < oo, 0 < o < 1 and a neigh-
borhood U of (A, K) in (C,d) such that for all (B,L) € U, Qg is strongly
mizing on Ha(X x P(R™)):

< Co"lelly, Vo € Ha(X X P(R™)).

HQ%,LSO - / wdnp,L
L xP(R™)

o

Moreover, since the v, seminorm is also exponentially contracting on H (X X
P(R™)), we further get

Remark 5.1 The contraction constant o can be choosen as the square root

BLP — pdnpL|| < Co"[lgl,, Ve € Ha(X x P(R™)).

LxP(R™)

«

of the minimum between the contracting rate of the v, seminorm and the
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convergence rate of the kernel L : ¥ — Prob(X), and we may always choose

them to be the same by setting properly the size of the neighbourhood.

Proof. Take (B, L) € U where U is given by Proposition 5.4.4, n > m with
n,m €N, ¢ € Ho(X x P(R™)) and np 1 any Lp-stationary measure, define 4

families of transformations in the following way: for any (wg,p) € ¥ x P(R™),

(1) (T51.0%) (w0,2) = (Q10) (w0, P) = Bus (w0, B*)]
(2) (75 L) P) = By [ (con, (BT 0 T )p))
(3) (ng)Lm )(wo, p) = E,[p(w,, B™p)], constant in wy, thus we denote it

by (TJ(BZ)L mgp)( ) which is a compact transformation.

(4) (TB L@)(Wo = /godnB,L, constant.

Then it is straightforward to obtain the following inequalities:
(1) (5108 (@o, D) = T ) (w0, p)| < Ca™ |||, for the same o using
the contracting property of the v, seminorm.

(2) |Th ) (@0, P) = (T 1,m2) (p)] < Co™ ™ ||, using the uniform con-

vergence rate of L™ — pu.

(3) [(T5Lm#)(p) = (Th1,.2) ()| < Co™ |||, using again the contracting

property of the v, seminorm.

For simplicity, we may set n = 2m in (1) and (2), and set n = [ in (3),
then by (1)-(3), we have for all B € U and ¢ € H,(X x P(R™)),

|@Fe — Torae||_ < 3Co™ el

Note that the sequence {T é%)L,ﬁP}lzo is relatively compact in C'(P(R™)). Then
the set S, of its limit points in (C(P(R™)),|||.,) is non-empty. Considering
any g € Sy, we claim that

3
g= / wdnp 1, = ng,)w'

Let us prove the claim. Take a subsequence [; — oo such that

{T. 1(92,)L,lj<P}j20 converges to ¢ in the previous inequality, we get

|QFLe —d|| < 3Co™ ¢l

On the other hand, we have vo(Q%%p) < Co*™ || ,. This implies

Va(g) = 0 which further implies that g is constant. Finally, using the condition

that np 1 is Lp-stationary, we have

/ QFpdnp,r, = / wdnp,rL
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which equals g. Take o' = o2 as a new parameter, and this completes the

proof. [ ]

Corollary 5.4.6 (Uniqueness of the stationary measure) Given
(A,K) € (C,d) such that the assumptions of proposition 5.4.4 are satis-
fied, the Markov operator QQp has a unique stationary measure ng ) for

every (B, L) € U, which further gives that Lg has a unique stationary measure

L x nB,L-

Proof. Assume there are two different stationary measures np 1 and njp 1, using
Theorem 5.4.5 and the fact that H, (X x P(R™)) is dense in L>®(X x P(R™)),
we get g, = 1p 1- [ |

As a result, we can finally upgrade the Furstenberg formula as follows.

Theorem 5.4.7 Given (A, K) in (C,d) such that the assumptions of proposi-
tion 5.4.4 are satisfied, there exists a neighborhood U of (A, K) € (C,d) such
that for every (B,L) € U

Li(B.L) = [ U(y,,0) dLo(y)dns.o (2. 9)
EXxExP(R™)

where 1 : X x X x P(R™) — R is such that

R Ay, z)v

and np, 1, is the unique Q)p 1-stationary measure.

5.5
Joint Continuity of the Lyapunov Exponents

In this section we establish the Holder continuity of the maximal Lya-
punov exponents as a function of the input data, namely the fiber map A and
the transition kernel K. We use the technique introduced in [1]. This approach,
via the Furstenberg Formula, enables the study of this type of continuity with-
out the need of going through the theory of large deviations. Moreover, it also

has the advantage of providing a precise computation of the Holder exponent.

Lemma 5.5.1 Given two differents p,q € PR?\ {0},

ol <o~
—— — | < ||[p — ¢||max§ 7, 7 ¢ -
Il gl 2l lall
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Corollary 5.5.1 Let ¢g1,9o € SL4(R) and consider the projective actions,
gi: P(R™) — P(R™) taking p to ”Z?g;” fori=1,2.
Then

5(3153a) < 191 — gal { L] }
giP, g2pP) = ||g1 — gz2|| Max , .
GOl Toa@l

Proof. Observe that

. g __9:(a)
d(g1D, G2p) < H gl lg2(q)]] H

Then, by Lemma 5.5.1,

gi(p)  g92(q) B ) 1
HMMM||mmmHSM”” o)l hmwmwm@m}

1 1
< |lg1 — g2ll max

lgr (@)™ lg2(P)

[ |
In the next proposition, we show that for every quasi-irreducible Markov
cocycle and every n € N, the map A — Q" is locally Holder. We extend it to

the mixing Markov case in (A, K'). More precisely, we prove the following

Proposition 5.5.2 Let (A, K) € (C,d). Assume that:

(i) A is quasi irreducible with respect to (K, u),
(ii) Li(A, K) > Ly(A, K).

Then, there exists 6 > 0, such that for all (B,L) and (D,T) in (C,d)
satisfying d((A,K),(B,L)) < § and d((A,K),(D,T)) < 6, for all f €
Ho (X x P(R™)) and every n € N,

HQ%,Lf - Q%,Tf”oo S Cd(<B7L)7 (D?T))ava(f)‘

Proof. First consider the case n = 1. Since

(@B, — Qb))
/E Flwr, B(wr,wo)v) dLu, (w1) — /E Flwr, D(wr,wo)v) dTug (1)

= Sup
HEP(R™)
WoEX
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For every wy € ¥ and v € P(R™),

(@b, — Qpr)(f)lls

= ?Pl(l]g /fWh (w1, wo)v) — flwi, D(wr,wo)v) dL,(wr)
e m

WoEX

+

+ sup
vEP(R™)
WoEX

/Zf(wl,D(wl,wo)v) dL,,(w1) —/Ef(wl,D(wl,wo)v) dT,,, (w1)] .

Since f is Holder, we can bound the first term by

sup
DEP(R™)
WOGE

[ Flwr Blor,wov) = flwr, Dlwi, wo)v) dLay (w1)

<

< sup | f (w1, B(wy, wo)v) — f(wi, D(wy,wo)v)| dLy,(w)
veP(R™) /X
woEX

< /Z vl f) 8(B(wi,wo)v, D(wr, wo)v)® dLug (wr)
< va(f) doo(B, D)*
< Ua(f) d((Ba L): (D7 T>>a

since fy 8(B (w1, wo)v, D(wi, wo)v)* dLuy (1) < dool(B, D)
Now we proceed to estimate the second term. By Corollary 5.5.1, for
every m € II(Ly,, T,y ):

sup | [ e D wn)0) dLan(er) = [ F(z1, D(er, w)v) dTiy (1)
dEP(R™
ioez )
= Ssup / f(wi, D(wi,wo)v) — f(z1, D(21, wo)v) dm(wr, 21)
dEP(R™) I/ ExE
WoEX
< Ua(f) sup / d (D (w1, wo)v, D(z1,wp)v)" dr(wy, 21)
dEP(R™) /EXT
wWoEX
Hence,
sup /f Wla (WhWO) )deo Wl /f Zl’ (Zl,w()) )dTwo(Zl)
dEP(R™
onE )
< va(f) sup |1 D(w1, wo) — D(z1,wo)|* %
HEP(R™) JEXE
WoEX

1 1 ¢
e { 1D {n, o) ()] HD(ZlaWO)(U)H} drlwr, 21)
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Since Y is compact, there exists a constant C; > 0, such that

1 1 ¢
maX{IID(whwo)(v)ll’ ||D(Zlawo)(v)||} =G

Then, for every m € II(L,,,T,,), we can bound the second term by

Crua(f) sup || D (w1, wo) — D(21,wo)||* dm(wy, 21)
WOEX JEXE

< Cova(f) sup ([ lwrwn) = (erwo)l dron, )

< CQUa(f) d(Lv T>a
S CQUoc(f) d((B7 L)7 (D’ T>>aa

where on the second line we used the Lipschitz continuity of the map z +—
D(z,y) and Jensen’s inequality together with the concavity of the function
t — t*, which holds when ¢ € [0,00) and « € (0, 1].

Therefore, we conclude the case n = 1:

(@52 — @p1)(f)ll < Covalf) d((B, L), (D,T))".

Now observe that the difference Q% ; —Q' 1 can be written as a telescopic

sum as follows:

Qpr—Qpr= Q% 1~ QoroQp +QproQy, — - +Qbr0QpL— Qb
:ZQDT (@pr—Qpr)o Qi "

Then, using the triangle inequality, the fact that the norm of the Markov

operator is 1 and the case n = 1, we obtain:

1QE L(f) = Qb r(f)]l =

Qpr)©° Eff%f)”

e}

< ZHQDTO (@B, — Qp,r)© _l_l(f)H

o

<ZH @pL—Qpr)o Bl 1(f)”

< Cad((B, L), (D, T)* Y va (Q52 (/) -

Since the operator contracts its seminorm v, (see propositions 5.4.1
and 5.4.4), we conclude that there exists 6 > 0 and ¢ < 1 such that,


DBD
PUC-Rio - Certificação Digital Nº 1821096/CA


PUC-Rio- CertificagaoDigital N° 1821096/CA

Chapter 5. Linear cocycles over Markov shifts 89

if d((A,K),(B,L)) < 0, then k,(B",L") < o. Moreover, since k, is sub

multiplicative, we conclude:

1@ () — Qb2 (NIl < Cod((B, L), (D, ik B, L)
< Cd((B, L), (D, T))%a(f).

[
Since the map (A, K) — Q7 f is locally Holder and Q7 ; converges to
the stationary measure 74  (in the sense of 5.4.5), we can finally prove that

the map (A, K) — na x is also locally Holder.

Corollary 5.5.3 Let (A, K) € (C,d) such that the assumptions of proposition
5.4.4 are satisfied. Then there exists 6 > 0 such that for all (B, L) and (D, T)
that are 6-close to (A, K) and for all f € Ho(X x P(R™)), we have

[ #anss~ [ fdnox| < Ca((B, L), (DT ()

Proof. By lemma 5.4.6, there are unique stationary measures ng  and npr
associated with the Markov kernels Lp and Tp respectively. Moreover, by
theorem 5.4.5,

tim @1 = ([ £ dnpe) 1 and  Jim Qpo(5) = ([ £ dnoir) 1,

n—oo

where 1 is the constant function such that 1(wp,v) = 1.

Therefore, we conclude that:

[ 5 dnss— [ fdnos

< sup 1Q5..(/) — @har ()]
< CA((B, 1), (D, T))"va(f).

|

Given a kernel K: ¥ — Prob(X) and a probability measure 1 on

Y x P(R™), let K x n be a probability measure on 3 x 3 x P(R™) such that
for every ¢ € C(X x X x P(R™)),

/¢ wr, wo, 0) d(K X n)(wr,wo, D) /w wi, wWo, V) dK o (w1) dn(wo, D).

An immediate consequence of the previous corollary is that the map
(A, K) — mak := KX nar is also locally Holder, where m 4 k is the unique
stationary measure on Prob(¥ x ¥ x P(R™)) associated to the kernel K.
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We are now ready to prove the local Holder continuity of the Lyapunov

exponents.

Theorem 5.5.4 Let (A, K) € (C,d). Assume that:

(i) A is quasi irreducible with respect to (K, u),
(ii) Li(A, K) > Ly(A, K).

Then, there exists a neighborhood V of (A, K) in (C,d) where the map
(A, K) — Ly(A, K) is Héolder continuous.

Proof. By hypotheses (i) and (ii), we are in the setting of Theorem 5.4.7, thus

we can express the top Lyapunov exponent L;(A, K) as

Ll(AvK):/

IXxExP(R™)

@DA(WLWO,@) deo (wl)dﬁA,K(wo,@) = /I/JA dmA,K )

[[A(w1,wo)v]|

where 14 (w1, wo, ¥) = log o]l

and my g is the unique stationary measure
associated to the Markov kernel K 4.

Moreover, there exists a neighborhood V' of (A, K) in (C,d) such that
for every (B, L) and (D, T) in V| we can express their top Lyapunov exponent
using Furstenberg’s Formula.

Therefore, by corollary 5.5.3 and the fact that A — 14 is locally

Lipschitz, we estimate:

\Ly(B,L) — L(D,T)| = ’/1/}3 dmz.p — /;DD dimp 7

< ’/¢B dmp 1 — /%UB dmpr|+ ‘/@/)B dmpr — /@/)D dmp,r
< Cd((B,L),(D,T))*

and this concludes the proof. [ |

The Holder coefficient v above is computable based on the input data.
More precisely, we iterate the cocycle (A, K) a sufficient number n of times,
until the inequality (5.9) holds (the existence of such a number of iterates is
guaranteed by the our assumptions). Then « is chosen such that 1 —a+C %2 <

1, where the constant C' depends explicitly on the data.
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Linear cocycles over mixed Markov-quasiperiodic dynamics

In this chapter we consider linear cocycles over mixed Markov-
quasiperiodic base dynamics. We begin whith the definition of the model (Sec-
tion 6.1) and after which we derive a version of Kifer’s non-random filtration
in this setting (Section 6.2). In the last section we obtain an upper large devia-
tions estimate for the fiber dynamics, and as a consequence of that, the upper
semi continuity of the Lyapunov exponent. This forms the starting point of
the study of mixed Markov-quasiperiodic cocycles, whose ultimate goal (left
for a future project) is to establish full large deviations and Holder continuity

of the Lyapunov exponent for such cocycles.

6.1
The model

Let us recall the base dynamics that was introduced in the Chapter 4.

Let (X, K, ) be a Markov system, that is, ¥ is a compact metric space,
K: % — Prob(X) is a Markov kernel and p is a K-stationary measure. Let P =
Py = Pk, denote the Markov measure on X = % with initial distribution p
and transition kernel K. The two-sided shift is the map o : X — X such that

U({xn}nGZ) = {anrl}neZ-

Then (X, P, o) is a measure preserving dynamical system, which we call
a Markov shift.

Definition 6.1.1 Let o € TY. We call the map f: ¥ x T¢ — X2 x T¢ by
f(w,0) :=(ow,0 + )

a mized Markov-quasiperiodic dynamical system.

Note that f is the product between a Markov shift and a translation on
the d-dimensional torus. Hence (f,P x m) is a measure preserving dynamical
system, where m is the Lebesgue measure on 7. Moreover, if a € T is a

rationally independent frequency, then f is ergodic (see [29, Theorem 6.1]).
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A measurable function A: ¥ x ¥ x T — GL,,(R) induces the skew-
product dynamical system F' = F(4 x): X% x T4 x R™ — £% x T¢ x R™,

F(w,8,v) = (0w, + o, A(wy, wo, 8)v) .

That is, F is a linear cocycle over the base dynamics (3% x T¢ Pk ), f),
where the fiber dynamics is induced by the map A. We refer to such a
dynamical system as a mized Markov-quasiperiodic cocycle.

Its iterates are given by
F'(w,0,v) = (6"w, 0 + na, A"(w, 0)v)
where for w = {w, }nez € X,
A (w,0) = Alwp, wn—1,0 + (n — 1)) - - - A(wa, wy, 0 + o) A(wy, wo, 0) .
By the Furstenberg-Kesten theorem (Theorem 2.3.1), the limit

1
lim ~log 47w, 6)]

exists for P, x m a.e. (w,0) € X x T where m is the Lebesgue measure. Since
the base dynamics is ergodic with respect to P, x m, the limit is a constant
that depends on A and the kernel K and it is called the maximal Lyapunov
exponent of the cocycle F', which we denote by Li(A, K).

We identify the cocycle Fax with the pair (A, K) and denote the
corresponding Lyapunov exponent by Li(A, K),..., L,(A, K).

6.2
Kifer non-random filtration

In this section, we present the statement and the proof of the Kifer Non-
Random filtration in the case of Markov quasi-periodic cocycle.

First, we introduce some terminology.

Definition 6.2.1 We say that a Markov chain { X, },,>¢ is a version of another
Markov chain {Y},},>0 over P,, when they have the same kernel K and the

initial distribution is d,,.

Now, we are now ready to statement and prove the to Its proof was
based the Kifer non-random filtration in the context of Markov quasi-periodic

cocycle. Its proof is based on [4, Lemma 2.6].

Theorem 6.2.1 For (u x m)-almost every (wo,0) € ¥ x T, there exists A-
invariant section L1: ¥ x T¢ — Gr(R?) and two numbers By, 1 such that
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L1(wo,0) € R™ and for every v € R™ \ Ly (wo, 0)
1
hmﬁ log || A" (w, 0)v|| = By
while if v € L1(wo)
1
lim - log [| A" (w, 8)v]| < b1 .

Moreover, the numbers By and By are exactly the first and the second Lyapunov

exponents.

Proof. Let C be the set of quasi-periodic cocycles, that is,
C:={C: T¥xR? = T¢xR*: C(#,v) = (A+a, C(8)v), where C(6) € GLy(R)} .

Let K be a kernel on the space of symbols ¥ and a measurable map
A: ¥ x ¥ — C. Consider the map J: T¢ x R™ — T? x R™ such that
J(0,v) = (0,v) and define the map A™: X% — C such that A%(w) = J and for

every n > 1
A™(w) = A(wn, wn—1) © A(wp_1,wn_2) 0 -+ 0 A(wy, wp).

Consider the Markov chain (w,, A"(w)) with initial distribution &,
and let R be the kernel of this chain.

By Theorem 2.6.1, there exists a measure m on
F={{g: 2 xC— X xC:gisa Borel map}

such that
R e (E)=m{ge F:g(z,C) € E}.

Let g1,92,...,9n,... € F be independent and identically distributed
maps relative to m. For every w € ¥ and n > 1 consider f,: ¥ — ¥ and
Jn: X — C such that g,(wo,J) = (fn(wo), Ju(wo)). Define fO(wy) = wo,
J%(wo) = J and for every n > 1,

"= faoeofy

THw) = Ju(f"Hwo)) Jaea (f*(wo)) -+ Jo(f (wo)) J1(wo) -

The sequence {(f™(wp), J"(wo)),n € N} is a version of the Markov
chain (w,, A"(w)). In fact, let F(n) be the o-algebra generated by
{(f?(wo), JP(wo)),p < n}. Take y = f"(wo) and M = J"(wp). If A is a
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borel subset of ¥ and B is a borelian subset of C, we have

E((f""(x), J"(2)) € A x B|F(n)) = P(fos1(y) € A, Jura(y)M € B)
=P(gus1(y,J) € Ax BM™)
=mi{g:g(y,J) € Ax BM™ '}
= Ry (Ax BM™)
= Ry (A X B).

Define F,,: ¥ x T? x R? = ¥ x T¢ x R? such that

Fo.(x,0,u) = (fu(z), Jo(2)(0,u)).

Note that F}, are independent and identically distributed maps and given any
initial (wp,0,v) € ¥ x T¢ x RY, the Markov chain F), o --- o Fy(wp,0,v) in
¥ x T4 x R? is a version of the Markov chain (w,, A"(w)(,v)) with the same
initial distribution (., g,v).-

We conclude the rest of the proof applying Theorem 2.6.3 to the Markov
chain F,. [ |

6.3
Upper large deviations on the fiber

In this section we obtain an upper large deviations estimate for the fiber
dynamics, and as a consequence of that, the upper semi continuity of the
maximal Lyapunov exponent.

For this, we start with a simple topological lemma to be used later.

Lemma 6.3.1 Let (M,d) be a metric space and let v be a Borel probability
measure on M. Given a closed set L C M and € > 0 there are an open
sets D O L such that v(D) < v(L) + ¢ and a Lipschitz continuous function
g: M —[0,1] such that 1, < g < 1p.

Proof. For every § > 0, let Ls be the open d-neighborhood of L, that is,
Ls:={x € M :d(x,L) < d}.

Since L is a closed set we have that L = Ns=oLs. Then, v(Ls) — v(L)
as 0 — 0 and, consequently, there exists 09 = do(L,e,v) > 0 such that
v(Lsy) <v(L)+e.
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Consider D := Lg, and note that d(L, D) = d(L, L§,) > &y > 0. Define
the function g: M — R such that

- d(x, D)
9(x) = d(z,D¢) +d(z,L) "

It is easy to check that g is a Lipschitz continuous map with ||g|Li, < %, while
clearly 1, < glp. [
Fix a number M < oco. Let Cyy = {(a, A) € C 1 ||Allp < M}, and consider

the mixed Markov-quasiperiodic dynamics f on %% x T<.

Theorem 6.3.1 Let (K, ) be a Markov system. Given any € > 0, there are
d=406(e,K,M)>0,n=n(s, K,M) €N and ¢ = c(e, K, M) > 0 such that for
all kernel K': ¥ — Prob(X) with dw, (K, K') < §, for all § € T and for all

n > n we have
1
Py {w € X i log [A"@)O] = LK) +ef <™ (61)

where ' is the stationary measure of K'. Moreover, the map K' — Li(K') is

upper semicontinuous with respect to the Wasserstein metric dyy, .

A related result in the case of mixed random-quasiperiodic cocycle it may
be found in [5].
Proof. Let
an(w,0) == log | A" (w)(0) ]

and note that {a, },ey is an f-subadditive sequence, that is, for all n,m € N
and (w,0) € X x T¢ we have

U (W, 0) < ap(w, ) + ap(F"(w,0)) .

For (w,0) € X x T4 let n(w,d) be the first positive integer n such that
1
—ap(w,0) < Li(K) +¢. (6.2)
n

For each m € N, define
Upn = {(w,0) € X x T : n(w,0) <m}.

By Theorem , n(w,0) is defined for (P(x,) x m)-almost every (w,6). Hence,
Uy, increases to a full (P(k ) x m)-measure set as m — co. Then, there exists
N = N(g, K) such that (Pix,) x m)(X \ Un) <e.

Let C = C(M,K) := sup{log||[A(w)(0) : w € X,0 € T¢||} < oo. Fix
(w,0) € X x T? and define the sequence of indices {n, = ny(w,0)}r>1 and
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points {(wy, 0x)} as follows:

n(wl,ﬁl), if (wl,ﬁl) € UN

,9 = 797 d -
(wi,01) = (w,0), and m {1, if (wi,01) ¢ Un

And, for £ > 1, define

(Wht1, k1) = ™ (Wr, O)
and

) nlwrgr, Orga), i (Wri, Orgr) € Un
Ng41 = .
1, if (Wrs1, Ok41) € Un

that is, (wgi1, Okr1) = [T (w, 0).

Let n := n(e, L, M) := Nmax{¢,1}, so n > N > ny. Fix any n > n.
Note that 1 < n, < N for all £ > 1. Hence, the sequence a; = Z?Zl n; is such
that a;, " oo and, consequently, there exists p € N such that

n1+---+np§n§n1+---+np+1

that is, there exists m such that n = ny+- - -4+n,+m, where 0 <m < np;; < N.
Using the subadditivity of the sequence {a,},>1 it follows that

an(wv 9) < ap, (w’ ‘9) + an2(fnl (w, 9)) +ot a”p(fnl—i_m—i_np_l(w? 9))
+ an (fMT (w,0)).

From (6.2), we get
apy (w,0) <ny(L(L) +¢), if (w,0) €Uy
but, if (w,0) ¢ Uy then ny = 1 and ay,, (w, ) < C. Hence,
ny (w,0) <ni(Ly(L) +e)+C - Ix\py(w,0) .
For the second term,
Uy (" (w,0)) < no(Ly(L) +¢), if f"(w,0) € Uy
otherwise, ny = 1 and a,,(w,#) < C. Hence,

i, (f™" (@,0)) < na(La(L) +2) + C - Txuy (S (w,0)) -


DBD
PUC-Rio - Certificação Digital Nº 1821096/CA


PUC-Rio- CertificagaoDigital N° 1821096/CA

Chapter 6. Linear cocycles over mixed Markov-quasiperiodic dynamics 97

Indictively, for k& > 1,
iy, (f"TT N (w,0)) < mip(La(L) +€) + O Loy (f777 1 (w,0)).

Using the subadditivity of the sequence {a,}, it follows that

n—1

an(w,0) < (1 4+ ) (Li(L) +2) + C 3 Loy (f (w,0)) + CN .

i=0
Hence for all (w,0) € X x T¢ and for all n > 7 we have

n—1

1 1 .
Slog [|AM@)O) < Li(L) + 26+ C - — 5 Loy (F(w,0)).
=0
Note that the closed set US € X x T? is determined by the coordinates
wo, ...,wn_1 and 6. By Lemma 6.3.1, there are an open set D D U,, with
(Px,, x m)(D) < 2¢ and a Lipschitz continuous function g: X x T% — [0, 1]

which depend only on the coordinates wy, . .. ,wy_1, 0 such that 1yc < g < 1p.
Then, for all (w,0) € X x T¢ and n > 7 we have

inz:: Tye (f(w,0)) < inZ:: 9(f (w,0)).

Applying Theorem 4.2.1 to g, for any kernel K': ¥ — Prob(X) that is
sufficiently close to K : ¥ — Prob(X) in the Wasserstein distance dy,, and for
all € T? we have:

1 n—1

- Y g(f(w,0) < /gd(IP’K,“ X m)+ e

J=0

for w outside a set of Pgs ,-measure < e™*", where ¢ = c(e, K') > 0.

Moreover,
/ gd(Py, x m) < / 1p d(Px,. x m) = (Px, x m)(D) < 2

which combined with previous estimates proves (6.1).
Let K’ be a kernel close enough to K in the Wasserstein metric dyy, . Using
the estimate (6.1) and integrating with respect to the measure P, x m for

all large enough
1
/Elog |A™ (w, 0)]| d(Prr, x m) < Ly (K) + 2.

Letting n — oo, we conclude that L;(K') < Li(K) + 2e. [
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Future works

A first future project concerns the study of fiber large deviations esti-
mates (See definition 2.5.2) and of Hoélder continuity properties of the Lya-
punov exponents of mixed Markov-quasiperiodic cocycle as functions of the
input data.

Using Kifer’s non-random filtration (Theorem 2.6.3), we will establish
an analogue in this context of the uniform convergence (Theorem 5.3.4) for
Markov cocycles.

The Markov operator corresponding to mixed Markov-quasiperiodic co-
cycles will not be strongly mixing in the sense of Definition 5.4.2. By analogy
with the mixed random-quasiperiodic cocycles studied by Cai, Duarte and
Klein, the spectrum of this operator, when restricted to the space of Holder
continuous observables, will likely consist of a set K C Dy(0),0 < o < 1 plus
the entire unit circle, which is a type of spectral gap, but not in the sense
usually understood in the literature. The uniform convergence rate in Chapter
3 will play a vital role in dealing with the peripheral spectrum (which, again,
is the entire unit circle).

A second future project concerns large deviations estimates for mixed
Markov-quasiperiodic dynamical system with more general observables. The
approach used to prove Theorem 4.2.1 will clearly not be applicable in this
more general setting.

A third future project is the study of the stability of the Lyapunov

exponents of quasiperiodic cocycles under Markovian noise.
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